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VECTORS

INTRODUCTION:-

In our real life situation we deal with physical quantities such as distance, speed, temperature, volume
etc. These quantities are sufficient to describe change of position, rate of change of position, body temperature or
temperature of a certain place and space occupied in a confined portion respectively.

We have also come across physical quantities such as displacement, velocity, acceleration, momentum etc, which are

of different type in comparison to above. Consider the figure-1,
where A, B, C are at a distance 4k.m. from P. If we start from P,
then covering 4k.m. distance is not sufficient to describe o " the
destination where we reach after the travel, So here the end
point plays an important role giving rise the need of P 4 km -
direction. So we need to study about direction of a quantity,
along with magnitude. e

c
OBJECTIVE i

After completion of the topic you are able to :-
i) Define and distinguish between scalars and vectors.
ii) Represent a vector as directed line segment. iii) Classify vectors in to different types. iv)
Resolve vector along two or three mutually perpendicular axes.
v) Define dot product of two vectors and explain its geometrical meaning.

vi) Define cross product of two vectors and apply it to find area of triangle and parallelogram.

Expected background knowledge

i) Knowledge of plane and co-ordinate geometry ii)

Trigonometry.

Scalars and vectors

All the physical quantities can be divided into two types. 1)
Scalar quantity or Scalar. ii) Vector quantity or Vector.
Scalar quantity: - The physical quantities which requires only magnitude for its complete specification is called as
scalar quantities.
Examples: - Speed, mass, distance, velocity, volume etc.

Vector: - A directed line segment is called as vector.

Vector quantities:- A physical quantity which requires
both magnitude & direction for its complete specification




and satisfies the law of vector addition is called as vector quantities. Examples: - Displacement, force, acceleration,
velocity, momentum ectc. Representation of vector:- A vector is a directed line segment ABwhere A is the initial
point and B is the terminal point and direction is from A to B. (see fig-2).

Similarly BA is a directed line which represents a vector having initial point B and terminal point A.

Notation: - A vector quantity is always represented by an arrow (—) mark over it or by bar (—) over it. For example
AB . It is also represented by a single small letter with an arrow or bar mark over it. For example

a.

Magnitude of a vector: - Magnitude or modulus of a vector is the length of the vector. It is a scalar quantity.
Magnitude of AB = | AB | = Length AB. = AB

Types of Vector: - Vectors are of following types.

1) Null vector or zero vector or void vector: - A vector having zero magnitude and arbitrary direction is called

as a null vector and is denoted by 0.

Clearly, a null vector has no definite direction. If @= AB, then @ is a null (or zero) vector iff la|= " oie.if
| 4B | =0
For a null vector initial and terminal points are same. ° . > .
2) Proper vector: - Any non zero vector is called as a e
proper vector. If | a | # 0 then ~d is a proper
vector. 3) Unit vector : - A vector " whose AN
magnitude is unity is called a unit vector. Unit
vectors are denoted by a small letter with " over >
it. For example a a. | - | =1 S
5) Co-Linear vectors:- Vectors are said to be co-

linear or parallal if they have the same line of action. In f >
figure-5 AB and BC are collinear. =
6) Parallel vectors: - Vectors are said to be parallel /

if they have same line of action or have line of action

parallel to one another. In fig-6 the vectors are parallel to

each other.




7) Co-planner Vectors: - Vectors are said to be co-planner if they lies on the same plane. In fig-7 vector

a,b and ¢ are coplanner.

8) Negative of a vector: - A vector having same magnitude but opposite in direction to that of a given

vector is called negative of that vector. If @ is any vector then negative vector of it is written as

-dand | d@ |=|—d | but both have direction opposite to each other as shown in fig-8.

9) Equal Vectors: - Two vectors are said to be equal if they have same magnitude as well as same
direction.

Thus @ =b -

Remarks:- Two vectors can not be equal
i) If they have different magnitude .
ii) If they have inclined supports. iii) If they have different sense.

Vector operations Addition of vectors: -
Triangle law of vector addition: - The law states that If two vectors are represented by the two sides of a triangle

taken in same order their sum or resultant is represented by the 3™ side of the triangle with direction in reverse order.
As shown in figure-10 d and b are two vectors

represented by two sides OA and AB of a triangle

ABC in same order. Then the sumd + b is represented

by the third side OB taken in reverse order i.e. the vector
d is represented by the directed segment 04 and the - — A
- a
vector b be the
Fig - 10

directed segment AB, so that the terminal point A of dis
the initial point of b. Then OB represents the sum (or resultant) (cIi +b) Thus OB=d +b

Note-1 — The method of drawing a triangle in order to define the vector sum (& +b) is called triangle law of addition
of the vectors.

Note-2 — Since any side of a triangle is less than the sum of the other two sides

|0B | # |04 |+ |4B |

Parallelogram law of vector addition: - If d and b are

two vectors represented by two adjacent side of a

parallelogram in magnitude and direction, then their sum

Fig - 11




(resultant) is represented in magnitude and direction by the diagonal which is passing through the common
initial point of the two vectors.

As shown in fig-Il if OA is @ and AB is b then OB
diagonal represent d + b .

ie.d+b=0A+AB

Polygon law of vector addition: -If d , b,é and d are
the four sides of a polygon in same order then their sum
is represented by the last side of the polygon taken in

opposite order as shown in

figure-12.

Fig - 12

Subtraction of two vectors

If @ and b are two given vectors then the subtraction of b from d denoted by a- b is defined as addition of -b with d.
ie. d-b=d+(-b).
Properties of vector addition:- i) Vector addition is commutative i.e. if d & b are any two vectors then:-
d+b=b+d
ii) Vector addition is associative i.e. if d@ , E, C are any three vectors,
then (A+blé=G+(b+0)
iii) Existence of additive identity i.e. for any vector d , 0 is the additive identity
ie.0+d=d+0= d where 0isa null vector.

iv) Existence of additive Inverse :- Ifd is any non zero vector then -d is the
additive inverse of @, so that @ + (—@) = (-@) +a=0

Multiplication of a vector by a scalar : -

If d is a vector and k is a nonzero scalar then the multiplication of the vector d by the scalar k is a vector
denoted by =~ ka aor k whose magnitude | Ic | times that of @. iekd = |k | x | a | =k x | d | if
k=0 "

=(kx |d | ifk<0.

The direction of kd is same as that of @ if k is positive and opposite as that of @ if k is negative.
kd and d are always parallel to each other.

Properties of scalar multiplication of vectors :- Ifh and k

are scalars and @ and b are given vectors then i) k (@ + E) =

kd + kb
ii) ( h+k)a = ha+ kd, (Distributive law)
iii) (hk)a = h(kd), (Associative law)

iv) l.d=a




V)O.dzﬁ

Position Vector of a point
Let O be a fixed point called origin, let P be any other point, then the vector OP is called position vector of the point

P relative to O and is denoted by P’. As shown in figure-13, let AB be any vector , then applying triangle law of
addition we have

OA +AB . = 0B where 0A=dand 0B= b
=>AB=0B-04A =Db-4d

s

= (Position vector of B)—( Position vector of A)

Section Formula:- Let A and B be two points with
position vector @ and b respectively and P be a point on
line segment AB , dividing it in the ration m:n. A i P " B
internally. Then the position vector of P i.e.7 is

- mb+na
given by the formula: | ~ “m+n
If P divides AB externally in the - ratio m:n
then 7=
mb—nd

m-n

2
oy

= +
If P is the midpoint of AB then ' ~ 2z

Example-1 :- Prove that by vector method the medians A (;))

of a triangle are concurrent.

Solution:- Let ABC be a triangle where @, b and ¢ are the

Fy E
position vector of A,B and C respectively. We have to
show that the medians of this triangle are concurrent.
I
B @) - c®d
Fig- 15

Let AD , BE and CF are the three medians of the triangle.

g =Bé
Now as D be the midpoint of BC, so position vector of Die. ~ 2 .

Let G be any point of the median AD which divides AD in the ratio 2:1 . Then position vector of G is given

B+t -
2 2d+a _ Z(T)Ha
b g 2+1 3 applying section formula
Yy Yy applymg
L _ d+b+é
:>g -

3
Let G’ be a point which divides BE in the ratio 2:1 ,




al
+
L8

™y
Il

Position vector of E is

[3¥]

a+c
_ 28+D _2( 2 )Hb

—_—
!
Then position vector of G’ is given by 9 2+1° 3  (by applying section formula)
— _ d+b+¢
=> g ) 3

As position vector of a point is unique ,, so G=G’.
Similarly if we take G be a point on CF dividing it in 2:1 ratio then the position vector of G** will be same as that of

G.

Hence G is the one point where three median meet.

.~ .The three medians of a triangle are concurrent. (proved)

Example2: - Prove that i) ld + pl< Ial + Inl (It is known as Triangle Inequality).
ii) Ial - Ipl< I — bl iii)ld — bl< Ial + 151

Components of vector in 2D
Let XOY be the co-ordinate plane and P(x,y) be any point in this plane.

The unit vector along direction of X axis i.e. 0X is denoted by I.

The unit vector along direction of Y axis i.e. 0Y is denoted by J.

Then from figure-18 it is clear that OM =x1 and

. R Y A
ON =yl.
So, the position vector of P is given by
N P
e = + y
T
|
> X
| . M
Fig-18

And Op=]0Pl =r=/x2 +y2

Representation of vector in component form in 2D

If ABis any vector having end points A( ¥1,¥1) and B (¥2.Y2) , then it can be represented by
E=(x2_x1 )T +(Y2—y1)]




Components of vector in 3D

Let P(x,y,z) be a point in space and i, J and k be the
unit vectors along X axis , Y axis and Z axis respectively.
(as shown in fig-19 ) Then the position vector of P is
given by

- A - " -~ (&)
OP=x1i +y/J+k The vectors xi, y J, zkare called

the components of OP along x—axis, y-axis and z-axis }

respectively. And OP —10Pl = /x% + y2 + 22 =

Fig-19

Addition and scalar multiplication in terms of component form of vectors: -

For any vector d=a1l + ay) + azk and b= bt .+ boj + b3k
iya+b=(a1+ b+ (@ + ba)j+ (as + b3)kii)
~p=(a;— b)) i +(az = by)] + (az — bs)’hfiii)k
= kayi + kayj + kag E, where K is a scalar. iv) @ =b

‘a1l ~+a2]+ask =bit +paj+ bsk

a
a

[ a;=bi, a=b,, as;=bs

Representation of vector in component form in 3-D & Distance between two points:

If AB is any vector having end points A( ¥10Y1.Z1) and B (¥2:Y2,%2) , then it can be represented by AB =

Position vector of B — Position vector of A

=( %0 +yp] *+ 22k) - (8 +yyf + Zliz)

:(xz_x1)’i +(}’2—y1)f +(Zz—21)ﬁ

14B1-Y

Example 3:-

Show that the points A(2,6,3) , B(1,2,7) and ¢(3,10,-1) are collinear.

Solution:- From given data Position vector of A, 0A=2i+6/+3k
Position vector of B, 0B=1 +2J + 7k
Position vector of C, 0C=31 +10J-k

A

Now AB=0B-0A=(1-2)1 +2-6) ]+ (7T =3 k=14 + 4k
AC=0C-0A=(3B—-2)i + (10-6)]+ (=1—23) k =i+ 4] -4k

= (- 4] + 4k)=- AB
| "ABor collinear. ACM




. . They have same support and common point A.
As ‘A’ is common to both vector , that proves A,B and C are collinear.

Example-4: - Prove that the points having position vector given by 21 J- + * k, i-3J -5k and
31 -4J - 4kforma right angled triangle. [2009(W)]
SOlution :- Let A,B and C be the vertices of a triangle with position vectors 2 1 -J +k, -3/ -5kand 3¢ - 4J
- 4k respectively
Then. AB = Position vector of B — Position vector of A.
—(1=2)0 4+ (3-(-1)J+(5-Dk=_2]-6k
"BC = Position vector of C — Position vector of B.
—@B=DE (4 (3)+(—4=(5Dk= 200+ k
AC= Position vector of C — Position vector of A.
—(B=200 4 (4 (1) J+(4-Dk=13),5k
Now AB= [ABl=V(-D?+ (=22 +(-6)* =T+ 4+36= V41
BC= [BCl =22+ (-1)2+1%2 =Va+1+1=+6

AC = T1Acl = 12+ (3)2+(-5)2 —VT¥9725= V35
From above BC?+AC 2 =6+35=41=AB>

Hence ABC is a right angled triangle.

Angle between the vectors:-
As shown in figure-20 angle between two vectors RS

and ITQ) can be determined as follows. S

Let OFbe a vector parallel to RS and 04 is a vector

parallel to ?@ such that OB and OA intersect each

other.

Then 6 = L AOB = angle between RS and P—Q> MB
0 > A

If 6 = 0 then vectors are said to be parallel.

T I

0 = then vectors are said to be orthogonal or

perpendicular.
Dot Product or Scalar product of vectors

The scalar product of two vectors d and b whose magnitudes are, a and b respectively denoted by a. bis
defined as the scalar abcosé , where 8 is the angle between d and b suchthat 0 < 6 <.




d@.b=T1a11bIcosd=ab cosd

Geometrical

meaning of dot
product

@ and b are two vectors having
In figure21(a),

fangle between

them. Let M be .
bond and from

the foot of the
. is clear that A
perpendicular 'S ciear that,
drawn from B @=1b1 cosf.
to OA. - - . -,
bl cosf ) =1Ia I x projection of b on a Fig-21
Then OM is the . aE
Projection  ofojection of bona=iz
ﬁgure_21(a) d’: b.= I(_i 1 1bh1 cosd
=Ib 1 projection of @ on b. R
IOMI = IOBI cos Now da.b =1Ial (I
which gives (a
Similarly, let us draw a perpendicular from A on OB B

and let N be the foot of the perpendicular
in fig-21(b).
Then ON = Projection of on~

and ON = OAcos = cos

Fig-21(b)

Properties of Dot product

) = (commutative)
a.b b.a

Similarly we can write

=1b1 (Ial cos?)

i) d.(b+C)=G.b+d.¢ (Distributive)
i)y If @1 b,then @.b=ab {as@=0in this case cosO=1}

-

In particular (@ =G.d=1aI




a~>
=)

=1

!'H)

-

=J.Jj=
iv)If @b, thend.b=0.

{ as 8 =90° in this case c0s90%=0 }

In particulari. j = J. k= k. i=0= J.i= " ky=ik v)a”.0= 0.d
=0 Vi)(a+b).(a—b)=lal 1b1%= a2- b? {Wherel@l=a andIbI=b}

V111) Work done by a Force:- The work done by a force F acting on a body causing displacement d is given by W
=Fd

Dot product in terms of rectangular components

lII

For any vectors @ = @@ + ayj + azk and b = byl + by + bsk we have,
d.b=a1by + azb; + azbs ( by applying distributive( ii) , (iii) and (iv) successively)

Angle between two non zero vectors

For any two non zero vectors a =d1t .+ azj + askand b= b1t .+ baj+ bsk having Ois the angle between them

we have,
db PPN aby + azb, + azb-
cos@=—-=ab= e
Va2 +az?+az? [by*+by% +b3®
@it hast D2 0 (1 terms of components.)

ﬂ1b1 + ﬂzbz + ﬂ3b3 )

8 = cos™(
\fﬂll+azz+ﬂ3 bl +bz +b 2




Condition of Perpendicularity: -

Two vectors @ = @11 + ayj + azk and b = byt + byj + b3k are perpendicular to each other
naiby + azby + azbz =
Condition of Parallelism :-

- “ 4 =~ T " A ~
Two vectors @ = @10+ ay] + azk and b = byl + byj + b3k are parallel to each other [] a@ a4z

by b bz =

Scalar & vector projections of two vectors (Important formulae)

> ab
.. bona= —
Scalar Projection of Ial
> ab . bd
o bond= —sa = | =ld
Vector Projection of Ial? [ l&'lz]
= on b= db
. . a - —
Scalar Projection of 1b1
- a.b ~ E.b -
.. aonb=—==b=—=b
Vector Projection of 1b12 1b12

Examples: -
Q.- 7. Find the value of p for which the vectors 3 1.+ 2J 49k, 1+ p H 3 kare perpendicular to each other.
Solution:- Let@ =3 1.+ 2/ +9kand b=1.+p }.3k.
Herea;=3,a,=2,a3=9b1=1,b,=p&b3=3
Given @-b =>a;b; + azb, + azh; =0

=> 3.1+2.pt9.3=0

—>342p+27=0

—>2p = -30

=p=-15 (Ans)
Q-8 Find the value of p for which the vectors =3 { + 2] +9k, b=+ p J+ 3 kare parallel to each other.
( 2014-W)

Solution:- Given by b, bz 1 p  3{Taking 1" two terms}
3=-— E .
U rllp=3 (Ans) {Note: any two expression may be taken for finding p.}

Q-9 Find the scalar product of 31 -4J " and—21 + J. (2015-S) Solution:- (
31-47). (=21 + J)=(B3X-2))H(-4)x1) =(-6)+(-4) = -10 Q-10 Find the angle
between the vectors 51 +3J + 4kand 6i-8J-k. (2015-W)

az




Solution:- Let @=5i +3J + 4k and b= 6-8 -k Let 6

be the angle between d and b .
a;b; + a,b, + azb,

0 =cos™ Y )
Jai2+az?+asz? ,b12+b22+b32

Then
R 5.6+3.(—8)+4.(-1) -1(30-24-4, _ 4. 2
cos (\/52+32+4-2\/62+(—8)2+(—1)2) s (mm) cos (@\/ﬁ)
Q-11 Find the scalar and vector projection of @ on b where,
G=1 » ~ J-kand b=3t+J+3k. {2013-W ,2017-W, 2017-S}
donk = ab _ 13+(-DA+(-1)3 _3-1-3 _ -1
Solution:- Scalar Projection of 1b1 V32412432 V19 V19
L= @b o 134 DAH1)3 e o
onb =—==b= —————— (3i+ j+3A
Vector Projection of 1b12 (V32+12+3%)2 (3t j+3k)

3-1-3 el aynh 1 mny npan
= (3t+ j+3k) =B(3L+1+3k)

Q-12 Find the scalar and vector projection of bond where,

G=31+J-2k and b= 21+3/ - 4%. {2015-S}
Bond = ab _ 3.2+413+(=2).(-4) _ 6+3+8 _ 17
Solution: -  Scalar Projection of lar  /32+124(-2)? Vi - V14

- - _ = _ 3.2+41.34+(-2).(-4) P
bona =—=sza=——= — (31 +j-2k
Vector Projection of la1? (V32+1%24(-2)?)? ( J-2k)

17 Ay A
= (Bi+j-2

=
Nt

-

Q-13 Ifd.b=a.¢ , then prove thatd= O or b=cor a1 (b-c )
Proof:- Given d.b=a.¢
© (@.b)-(@¢)=0 =>d.(b-¢)=0 {applying distributive property}
Dot product of above two vector is zero indicates the following conditions & = 0
or b-¢ =6 or al(b-¢é)
= d=0or b =c or L (b-¢) (proved)
Example:-14 Find the work done by the force F=ot" J-k acting on a particle if the particle is displace A from

-

A(3,3,3) to B(4,4,4). Ans:- Let O be the origin, then
Position vector of A 04 =31t+3" [ 43k
Position vector of B OB = 4+4"~ ]+ 4k

-~

Then displacement is given by, d=AB= (@ - ﬁ) = (4f+4f+ 4ky- (383 J+3 =t Kk

So work done by the force W = Fd =F AB= (i+J- k). (2- F+ B
= 1.1+1.1+(-1).1 = 1 units




Example:-15 If @ and b are two unit vectors and 6 is the angle between them then prove that

L6 1. ¢
smz—zla by

Proof: - (Ia- BI)Z =(ab). (& bh)=(aa)-(a.h)-(ha)+(hb) {Distributive property}
=(Ial )? - (@.b)-(a.b)+(1bhI )? {commutative property}
=12-2a.b+1% {asdand bare unit vectors so their magnitudes are 1}
=2-2a.b=2(1-a.b)
=2(1-1a11b1cosb) { as O is the angle between dand b}
=2(1-1.1. cosh)

2
=2(1-cosf) =2 25" 3

0

Taking square root of both sides we have  Ia- bl = 2 sin2

sin? = 2la- bl
=7 72 (proved)

Example:-16 If the sum of two unit vectors is a unit vector. Then show that the magnitude of their difference is V3.

Proof:-@,b and ¢ are three unit vectors such that &+ b= ¢

Squaring both sides we
have, @ b 2 ¢ 2
=1+ a ) 2

D=(I )X

=(I1 +(Ibl+2a.b=12
=> 12+1%2+21allbIcos6d=1 {where 6 is the angle between @and b }
=1+1+2cosf=1
=>2cosf = -1
= =1
=>cosf = >
Now we have to find the magnitude of their difference i.e - b.
So (Ila-bD*=(1aD?+(15hN2-2 ab=12+12-214al1 bl cos®
= = -1

~1a b1=V3 (Proved)




ENGG.MATHEMATICS-II

Vector Product or Cross Product

If Gand b are two vectors and @ is the angle between them , then the vector product

of these two vectors denoted by a  x b is defined as

where 7 is the unit vector perpendicular to
both dand b. As shown in figure-21 the -
direction of d x b is always perpendicular &

to both dandb.

Fig-22

Properties of cross product

—

) Vector product is not commutative

xb#b xadii) For any two vectors dand b,

Qi

Qu

xb=-(b xd) iii) For any scalar m, m (
@ xB) = md)xb =d x (mB) ii
Distributive 4 X(b+¢&) =@ Xb)+(@ x¢&)
iv) Vector product of two parallel or collinear

vectors 1S zero.

G xd=0 andif dIA then @ xb=0 {as#=0or180°=>sinf=0}

Using this property we have,
ixi=J*Xj=kxk=0
v) Vector product of orthonormal unit vectors form a right

handed system. As shown in figure- 23 the three

N

mutually perpendicular unit vectors i, /, k form a right
handed system , i.e. §XJ=fk=-(J*0)
(as 8=90, then sinf = 1) ®

Jxk=jq=-(kx}j
7

Fig-23

2 J




ENGG.MATHEMATICS-II

=
X
~3
Il
—~—>
Il
1
~
o~
X
=
p—

Unit vector perpendicular to two vectors:- Unit vector perpendicular to two given vectors dand bis

w _ axb
. n=—
given by ld x

o

Angle between two vectors
Let 6 be the angle between dand b. Then @ x b=(1dl I b1sin®) .

Taking modulus of both sides
wehave, [a X~ bl =1d
L.1b1sing

|

L)

X

Ql

sin@ = ‘
| |

[~

LI

I=p

[~

I

2l

X

0 =sin"1 |
Hence {1

}

(S

al

Geometrical Interpretation of vector product or cross

product

Let OA ~ =a and OBE=bh.

Thend xb=(0dal1b1siné) A
=(1a1).(1b1sind)A

From fig-24 below it is clear that

BM =OBsind=1bIsing=1alIBMI A
{ as sinf = BM/OB &OB = b} Fig-24

Now [ xbl[=1a1IBMI 141=0A.
BM = Area of the parallelogram with side @ and b.
Therefore the magnitude of  cross  product of two vectors  is equal to area  of the

parallelogram formed by these vectorsas two adjacent sides.
From this it can be concluded that area of A ABC = % I4E . ACI

Application of cross product

1. Moment of a force about a point (Fﬁ ) :-Let O be any point and Let 7 be the position vector w.r.t.
O of

°}
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any point ‘P’ on the line of action of the force F , then the moment or torque of the force F about origin
‘O’ is given by

M=% xF

2. Ifdand b represent two adjacent sides of a triangle then the area of the triangle is given by
A= %I a x EI Sq. unit

3. Ifdand b represent two adjacent sides of a parallelogram then area of the parallelogram is given
by A= Ia xpl Sq.unit

4. If dand b represent two diagonals of a parallelogram then area of the parallelogram is given by A
= ;I i a x bl Sq. unit

Vector product in component form : -

xb=(ayi +ay) + ask) x (byi +by] + bsk)

Qiy

= ayby (1 X0+ ayby (1 X )y + aghg (1 X Kyt azhy (J X B+ azby(J X Jy+ azbs(f x k
+azby (e X 1)+ azby(k X fy+ azbs (k x k)

Xj= Rxk=0, iXj= k=-(J %D, Jxk =j=-

—y

{ using properties i
(kxJandk xi=

= (azb3 - azby) i +( azb; - alb; )J + (@1bz2- azby)k

ij k |tk
a, ap; das a xb= a; a; das
bl bz b3 1e b1 bz b3

Condition of Co-planarity

If three vectors 5,Band ¢ lies on the same plane then the perpendicular to d and b must be
perpendicular to ¢.

In particular (@ X Hlg — (@ % b).¢=0

In component form if @ = a1 + ay] + azk,b = byt + by + byk and € = ¢11 + ] + 3k

Then @ xb) =0

UNIT-I1I
LIMITS AND CONTINUITY

INTRODUCTION:-
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The concept of limit and continuity is fundamental in the study of calculus. The fragments of this concept
are evident in the method of exhaustion formulated by ancient Greeks and used by Archimedes (287212
BC) in obtaining a formula for the area of the circular region conceived as successive approximation of
areas of inscribed polygons with increased number of sides.

The concept of calculus is used in many engineering fields like Newton’s Law of cooling derivation of
basic Fluid mechanics equation etc.

In general the study of the theory of calculus mainly depends upon functions. Thus it is desirable to
discuss the idea of functions before study of calculus.

OBJECTIVES:-
After studying this topic, you will
be ableto (i)  Define function and cited
examples there of (ii) State types of
functions.
(iii) Define limit of a function.
(iv) Evaluate limit of a function using different methods.
(v) Define continuity of a function at a point.
(vi) Test continuity of a function at a point.
EXPECTED BACKGROUND KNOWELDGE :-
(1) Set Theory
(2) Concept of order pairs.
RELATION:-

Definition : - If A and B are two nonempty sets, then any subset of AXB is called a relation ‘R’ from A to
B.

Mathematically R ¢ AXB
Since @ © AXB and AXB is a subset of itself, therefore @ and AXB are relations from A to B.
EXAMPLE:-1
A=1{12} B={a,b,c}
Then Ax B = { (1,a), (1,b),(1,¢),(2,2),(2,b),(2,¢c)}
Now the following subsets of Ax B give some examples of relation from A to B.

R, ={(1,a), (Z,b)}’ R, = {(1:(7)}, R; ={(Z,h)} and Ry = {(1,a),(1,b),(2,¢)} are examples of some
relations.

The above relations can be represented by figurel-4 as follows.




R, = {(11 a)r (2, b)}

Fig-1

R2 = {(1' C)}

R;=1{(2,0)}

R,=1{(1,a),(1,b),(2,¢)} -<

Fig-4

Example — 2
A = Players = {sachin, dhoni,pele, saina}

B = Game = (cricket, badminton, football}

Then R = player related to their games.

The pictorial representation is given in Fig-5

FUNCTION: -

A relation ‘" from X to Y is called a function if it satisfies the following two conditions (i)

All elements of X are related to the elements of Y.

Badminton

Football
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(i1) Each element of X related to only one element of Y.
In above example -1 only relation R, is a function, because all elements of A is related.
Each element (i.e. 1-a and 2-b) is related to only one element of B.
R» is not a function as ‘2’ is not related.
R3 is not a function as ‘1’ is not related.
R 4is not a function as 1 related a and b.

EXAMPLE - 2 represent a function.

EXAMPLE -4

Let us consider a function F from A = {1.2,3}to
B = {a, b, ¢, d}as follows.

Fig-6

Here we can write F(1)=a
F2)=c
F(3)=b
DOMAIN (Dr)

Let F:X[1Y is a function then the First set ‘X’ is called domain of F.

X=Dom F = D¢

In example-4 {1,2,3} is the domain.
Co-domain —
If F: XY is a function, then the 2™ set Y is called co-domain of F. In example -4 {a, b, ¢, d}is
the codomain.
IMAGE:- Iff: X[ Y is a function and for any x€ X, we have f(x)€ Y.
This f (x) =y €Y is called theimage of x.

In example -4 ‘a’ is the image of 1
‘b’ is the image of 3
‘¢’ is the image of 2
Range (Ry): -

The image set of ‘X’ i.e. domain is called range of F.
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F(X) = Range of F

In example -4 {a, b, ¢} represent the range of F.

In above discussion we have taken examples of finite sets. But when we consider infinite sets it is not
possible to represent a function either in tabular form or in figure form. So, we define function in another
way as follows.

CONSTANT- A quantity which never changes its value. Constants are denoted by A, B, C etc.
VARIABLE:-A quantity which changes its value continuously x, y, z etc are used for variables.

TWO TYPES OF VARIABLE:- i) Independent variable ii) dependent variable

Independent variable Variable which changes its value independently .Generally we take ‘x’ as
independent variable.

Dependent Variable [ | Variable which changes its value depending upon independent variable. We take ‘y’
as dependent Variable.

DEFINITION OF FUNCTION:-

Let X and Y be two non empty sets. Then a function or mapping ‘f* assigned from set X to the set Y is a
sort of correspondence which associated to each element x€ X a unique element y€Y and is written as
f: X 1Y (readas“ fmaps X into Y).

The element ‘y’ is called the image of x under f and is denoted by f(x) i.e. y=1f

(x) and x is called pre-image of y.

Example - Let y=F(x) =x* where X ={ 1,1.5,2}

Pictorial representation is given in Fig-7

Fig-7
Here values of x form domain and values of y form range.

FUNCTIONAL VALUE f (a)l! The value of f (x) obtained by replacing x by a is called functional value
of f(x) at x=a, denoted by f(a)

Example :- Let y = f (x) = x*
Then functional value of f(x) at x=2is f(2)= 22 =4
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The functional value of f(x) at x=1.5 is f(1.5) =
1
225 , Iff(x)= thenf(1)=1/1=1 , f(2) = %. But f(0) =
1
o which is undefined

So the function value of function is either finite or undefined.

Classification of function

Functions are classified into following categories

Into function

A function F : A [ B is said to be into if there exist at least one element in B which has no pre-image in A.
In this case Range set is a proper subset of co-domain Y.

Let A= {1,2,3} and B= { a,b,c,d}

Then the function F given by fig-8 represent one into

function from A to B.

Fig-8 (Into Map)

In above figure d has no pre-image in A.
Onto function A B

A function F : A ] B is said to be onto if Range of F i.c.

F(A) = B. In other words every element of B has a pre-

P

=
image in A. 2 >
LetA={1,2,3,4} and B= { a,b,c,} s —
Then the function F given by fig-9 represent one onto
function from X to Y.

fig-9
(Onto Map)

From above figure it is clear that F(A) = B.
One-one function

A B
E

A function F: A [| B is said to be one-one if each distinct
elements in A have distinct images in B i.e. if X1 ¥ X2 in A
=> F(*1) #F(*2) inB.

Let A= {a,b,c} and B= { 1,2,3,4}

Then the function F given by fig-10 represent an one-one

one - one

function from AtoB. Fig-10




Many-one function

A function F : A [/ B is said to be many-one if there exists
at least one element in B, which has more than one pre-
image in A.

Let A= {1,2,3} and B= { a,b}

Then the function F given by fig-11 represent a many-one

function from AtoB.

images 1 and 2 in A..

One-one and onto function or bijective function A

function F : A '] B is said to be one-one and onto if it is
one-one and onto i.e each distinct element in A has distinct
image in B and every element of B has a pre-image in A.
Let A= {1,2,3} and B= { a,b,c}

Then the function F given by fig-12 represent an one-one
and onto function from Ato B .

Inverse function:-

If F:X 1Y isa bljective function then it’s inverse
function defined from Y to X denoted by F~1. If x € X and
y €Y such that y= F(x) then x= F ~X(y).

One example of inverse function is given in Fig-13 .

Let X={ab,c} and Y= {1,2,3}.

Composition of two function

Iff: XY andg:Y [|Zbe any two functions having
Range f = Domain g, then composition of f and g denoted
by gof is defined by g.f(x)= g(f(x)), x€ X.

Domain of gof = X and Range of g.,f = Range of g. The

composition of two function f and g is shown

in fig-14.
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A F B
T —— S
e I
2>
b
3

( Many one)
Fig-11

From above figure it is clear that a has twq

F B
e a
= b

[
L

5
r

( One-one and onto)

Fig-12

)
C}
]

Fig-13
X = Y > a Z
gof

d
e
f

.‘ E H
BE

Fig-14

pre-
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Examples of some composite functions is given below

y = f(x) = sinx?  formed by composition of
x%and sinx. y = f(x) = vcotx formed by

composition of cotx and VX .
y = f(x) =108q s inVx formed by composition of Vx| sinx and

logq X Real Valued Function:-

F : XY is called a real valued Function.
If domF=XcR and YcR.

Generally we discuss our topics on this type of functions.

DIFFERENT TYPES OF FUNCTIONS:-

(1) CONSTANT FUNCTION :-
The function F (x) = K for all x €R, where K is some real number is
called a constant function

For Constant Function Dr=R
R = {K}

(2) IDENTITY FUNCTION :-

F(x)=x vx €R, is called Identity Function. (¥ x means

for all x) It is also denoted by /x or I.

Domi=Di=R

R=R

(3) TRIGNOMETRIC FUNCTIONS :-
sinx, cosx, tanx, cotx, secx, cosecx are called trigonometric
functions. we know the defination of these functions.

We know that -1<sinx=<1 and -1<cosx<1 V¥x €R. Here x is radian measure of an angle.

Function Domain Range
Sinx R [-1.1]
Cosx R [-1,1]
Tanx R_{(2n+1)7—2r : n€z) R

Cotx R- {nm: n€z} R

Secx r{(2n+1 )’—2’:n€z} R-(-1,1)




ENGG.MATHEMATICS-II

Cosecx R- {nm: n€z} R-(-1,1)

(4) INVERSE TRIGNOMETRIC FUNCTIONS :-

_ -1 -1 -1 _ . . .
Ix,cos~1xtan™ x,cot™ " x, sec” X cosec”'x are called inverse trigonometric

sin™
functions.

These are real functions.

Function Domain Range

. —1 _ _E TT.
sin™'x [-1,1] [-3..]
cos~'x [-1,1] [0, ]

-1 _nr

tan™'x R ( 3 )
cot™x R 0,m)
sec”x x<-lorx=1 OSySn,y;—‘Z
cosec™'x x<-lorx=1 _Zsysg,y¢0

(5) EXPONENTIAL FUNCTION (a%:-
An exponential Function is defined by F(x) = a* (a>0, a#1), for all x€ER
Dr=R
Re=R+
Properties
(1) a*"¥=a*a’
(2) @) =a"
(3) a*=1 ,<=>x=0
(4) If a>1,a%<a’ if x<y

Ifa<l,a™a’ if x<y

(5) LOGARITHMIC FUNCTION
The inverse of a* is called logarithmic function.

f(x) =log .x (logx base a) is called the logarithmic Function.
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Dom f=R" ,R=R

PROPERTIES

(1) loga(xy) = log.x + logay

X
(2) Ioga(;) = log.x - log.y

(3) logax =0 <=> x=1
(4) logaa=1

1
Logy a

(5) loga.x = (x#1)

(6) logax = logpx.log.b
(7) loggx™=nloggx
(8) log, Vx = %loga x

(6) ABSOLUTE VALUE FUNCTION OR MODULUS

FUNCTION (IxI) :- The function f defined by f(x) = [x|=,
—x  whenx <0

X whenx =0

Is called Absolute Value Function.

Dr-r

R=R'U{0}

E.g. |5|=5 (as 5>0)
|F2|=-(-2)=2 (as-2<0)
0[=0
13.7|=3.7

-5.21=52

(8) GREATEST INTEGER FUNCTION OR BRACKET x ([x] ) : -

The greatest integer Function [x] is defined as

[]_{x ifxez
T ifxeZandn<x<n+1lwhereneZ

Example

[2]=2 (as2€ Z)

[0]=0 (asO€ Z)

[2.5]=2 {as 2.5 € Z and 2.5 lies between 2 to 3i.e.2 < 2.5 < 3}
[-[1.5]=-2{as —2<-15< -1}

[V3]=1 {asl<V3<2}

[-e] =-3 {as2<e<3 =>-3<-e<-2}
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Dom[x]=R and Range[x]=Z
Functions are categories under two types as follows

(1) ALGEBRAIC FUNCTION (Three types)
i) Polynomial P(x) = ag+a x----------- +anx

E.g IF(x)=x*+2x+3, F(x)=3x+5¢

P(x), _ @ptaiX+——————————— +apx™
(ii) Rational Function ¢®)" bo+bsx+-——————————- +bmx™
x x2+2x+5
E.g. x2+1 *  3x+1  are rational functions.
. . 2 23
iii) Irrational Function {P(x)} ?* e.g Ve, ( XE+2x+1)™ e

2) TRANSCENDENTAL FUNCTION
Trigonometric, logarithmic, exponential functions are called transcendental functions.
Again there are following types of functions as follows.

EXPLICT FUNCTION

y=f(x) i.e. if y is expressed directly in terms of independent variable x, then it

is called explicit function .

Example y =
x? y
=2x+1 etc
IMPLICT FUNCTION
Function in which x and y cannot be separated from each other (i.e.) F(x,y) =
0 is called implicit Function.  E.g. [ x™y*=1 X H2xy+3x%y? =

7 are examples implicit functions.

EVEN FUNCTION:-
If f(-x) = f(x), thenf(x) is called even
function. Example f(x) = cosX

f(-x) =cos (-x) =cosx
=f(x) Hence f(x) = cosX is an
even function Similarly f(x) = x2, xtnmnneen

—————— are even functions.
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ODD FUNCTION:-

If f(-x) = -f(x), then f(x) is called odd function.

f(X) = SinX, X, X>, =====mm=mmmmmmmmmmmeeeeee are example of odd functions

INTRODUCTION TO LIMIT:-
The concept of limits plays an important role in calculus. Before defining the limit of a

function near a point let us consider the following example

x2—1
Let F(x) = x-1
-1 _0
Now F(1) ="1-1 ~ 0 undefined
But if we take x close to 1, we obtain different values for F(x) as follows
TABLE -1
X 0.91 0.93 0.99 0.9999 0.99999
F(X) 1.91 1.93 1.99 1.9999 1.99999
TABLE -2
X 1.1 1.01 1.001 1.00001 1.000001
F(X) 2.1 2.01 2.001 2.00001 2.000001

In above we can see that when x gets closer to 1,F(x) gets closer to 2.however,in
this case F(x) is not defined at x=1,but as x approaches to 1 F (x) approaches to 2.

This generates a new concept in setting the value of a function by approach
method.

The above value is called limiting value of a Function.

SOME DEFINATIONS ASSOCIATED WITH LIMIT:-

NEIGHBOURHOOD:-

For every a€R, the open interval (a-8, at+d) is called a neighborhood of a where &

>0 is a very very small quantity.

Example (1.9,2.1) is a neighborhood of 2. (6 =0.1)

DELETED NEIGHBOURHOOD of ‘a’:-

(a-, a+d)- {a} is called deleted neighborhood of a.

Left neighborhood of a is given by (a-4§, a) .
Right neighborhood of a given by (a, a+§).

Example

(1.9.2.1)- {2} is a deleted neighborhood of 2.
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(1.9, 2) is left neighborhood of 2.

(2, 2.1) is a right neighborhood of 2.

DEFINATION OF LIMIT:-
Given €>0, there exist >0 depending upon € only such that, |x-a|<d =>|f(x)-1|<€

Then limy_q f(X) =1
EXPLANATION
If for every e>0,we can able to find§ ,which depends upon €only such that x€ (a-d,a+4 ),=>

f(x) €(l-gl+€) . In other words when x gets closer to a then f(x) gets closer to 1.

We read x[/a as x tends to ‘a’ i.e. X 1S nearer to a but x#a
limy,q £(X) ) limit x tends a f(x). ‘I’ is called limiting value of f(x)at x = a.

\ x2-1
In 1% example lim, <=2

i.e limiting value of f(x) at x=1 is 2.
Note:-
Functional value always gives the exact value of a function at a point where as limiting
value gives an approximated value of function.
Functional value is either defined or undefined. Similarly limiting value is either exist or
does not exist.
EXISTENCY OF LIMITING VALUE:-

In our first example if we observe table -1 then we see we approach 2 from left in that
table.

In table -2 we approach 2 from right.
So in table -1 x€ (2-6,2)
And in table -2 x€ (2,2+8)
These two approaches give rise to two definitions.
LEFT HAND LIMIT
When x approaches a from left then the value to which f(x) approaches is called left hand
limit of
f(x) at x=a writtenas L. H.L.= lim,_,- f(x)
X[ la” means x (@ — 6, a),

RIGHT HAND LIMIT: -

When x approaches a form right then the value to which f(x) approaches is called right hand limit.

RHL= L, fx
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Mathematically

x| a” means x€&(a,a+8)

EXISTENCY OF LIMIT
If LH.L = R.H.Lie.
Then the limit of | lim, , f x =lim, o f x =1 the function exists and

lim,_, f(x) =

Otherwise limit does not exist.
ALGEBRA OF LIMIT: -
IFlimy g f(Xx)=1and limy_qg(xX)=m

Then
1) limeo{ f(x) + gx) } = limyq f(x) +
lim,ag(xX)=1+m i) ) limy_q{ f(x) - gx) } =

limy g f(x) - limy, 9(X) = 1 - m iii)
limx—m{f(x). g(X) } = limx—m f(x) limx—»a g(x)z 1
m

(%) lime_q g(x) m (provided m#0)
v) limy, K=K (K is constant)
vi) limy ok f(x)= klimyeq f(X)=K |
(Vi)lim x—a 108y f(X)  =logp lim,,, f(x)=logy !
Viii) limyq ef (O limy g f(x) =l
(i) 1Myoq FO)" =(limy,q f(x)}" =
(x) NiMeoa fGO) =1imy o (V) =

: FOO)  _ limy, f(x) 1
lim,._, =—
vy Meal555)

(i) Mg | FQ) = [limese f@)] = |1
. 1
(i) TfliMyq f(X) = o0, then 1M~ 76 =

EVALUATION OF LIMIT:-
When we evaluate limits it is not necessary to test the existency of limit always. So in
this section we will discuss various methods of evaluating limits.
(1) EVALUATION OF ALGEBRAIC LIMITS :-

(2) Method -> (i) Direct substitution (ii) Factorisation Iii) Rationalisation
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i)  Direct Substitution :-
If f(x) is an algebraic function and f(a) is finite. Then liMy—q f(X) is equal to f(a)
i.e. we can substitute x by a.
Let us consider following examples.
Example -1
Evaluate lim, o(x? +2x + 1)

ANS [
limx_,o(x2 +2x+ 1)= 0*2x0+1 =1

Example -2
_ x—1
Evaluate limy,_ x24+2x-1
ANS!]
. x—-1 _ (-1)-1 _ -2 _ -2 _
limy,_ x242x-1  (-1)242x(-1)-1 ~  1-2-1 -2 !
Example — 3

. Jx
M1 o2=19

Ans :-
i Vx V11
Mx1 752 Viez V3
Example -4
li x'-1_1"-1_0
Evaluate "Tx=153 7 =77 T ,Which cannot be determined.
NOTE: -

So here direct substitution method fails to find the limiting value. In this case we apply following method.

ii) FACTORISATION METHOD :-

[x) @ 0
If the given Function is a rational function 9(x) , and 9(a) is in o form then we apply factorisation

method i.e we factorise f(x) and g (x) and cancel the common factor. After cancellation we again apply
direct substitution, if result is a finite number otherwise we repeat the process .

This method is clearly explained in following example.

Example -4
li x2-1
Evaluate ""x=1 77
. xi-1 . (x+1)(x—1)
Ans : ey S = limyen (x-1)
lim

=x  -1(xt+1) {x[ 1 means x#1 => (x-1) # 0}
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=1+1=2 {after cancellation we can apply the direct substitution}

Example -5
. x24+7x+12
li

M. X t7x+12
Evaluate = X3 x245x+6

ANS :-
2 0
. x +7x+12
lim,,_3 X2+5x46 {by putting x=-3 we can easily check that the
question is in o form }
x244x+3x+12

x%42x+3x+6
x(x+4)+3(x+4)

x(x+2)+3(x+2)
(x+4)(x+3)
(x+2)(x+3) (x1 -3 then x+3 # 0}
(x+4) _ =344 1
(x+2) ~ -3+42 -1

= lim,__3

= limy,_3

limx_,_3

lim,_,_3

iii) Rationalisation method :-

When either the numerator or the denominator contain some irrational functions and direct substitution
0

gives o form, then we apply rationalisation method. In this method we rationalize the irrational function
0
to eliminate the o form.This can be better explained in following examples.

Example -7
. X
Evaluate lim. Vrti-1
ANS :-

. X
im0 75575 { In order to rationalize V¥ + 1 — 1 we have to apply a® — b* formula

a’* —b? = (a+ b)(a— b)so here a — b is present, so we have to

multiplya+bi.evx+1+1}
~ lim x(Vx+1+1)
X220 (e 1-1)(Vati+1)
x(Vx+1+1)
VrHl 12
x(Vx+1+1)

lim =1i
=0 11 %20

X
limeo(Vx+1+1) = vO+14] = [+1=2

= lim,_g

x(Vx+1+1)

(3) _Evaluating limit when x->

In order to evaluate infinite limits we use some formulas and techniques.

Formulas (i) liMy-e x" =00, n>0
. 1
(ii)limy e =0, n>0
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JAC)
When we evaluate functions in 9(*) form , the we use the following technique

Divide both f(x) and g(x) by x* where x"is the highest order term in g(x).

It can be better understood by following examples.

Example — 9
3x24x-1

lim e ———
Evaluate X2 5x2_7x45
3x%4x—1

lim e —
X2 ox2_Tx+5

ANS:-
{Dividing numerator and denominator by highest order term in denominator i.e. x*}

3xZ4+x—1
- ]im L
X—=00 252 _7x+5
22

3x2 x 1 1 1

Z 'tz = E

= lim XX X - |im =
X200 2x2 7x, 5 X—00 5

x2 x2 x2 2

7
X x

1

=Y

limy e 3+limx_,.,ox - limx_,;,ox2

. . 7 . 5
1My 00 2=1iMy 007 +liMroc077 (applying algebra of limits)

_ 340-0_3
T 2-040 2
Important note in oo limit evaluation:-
2 ifm=ng"
li Qp+a x+—————— +amx™ by
B S A FU— thpen . 0 if m<n

Example-13 _
Iflimx_,oo (% —ax—b ) = 2, find the values of a and b.

lim, e (ﬁ —ax — b) =2

Solution -> Given x+1
. x%2=1—ax?—ax—bx—b
1m0 e )=2

. x*(1-a)-x(a+b)-(b+1
i FA-0)-x(@tb)-o+1) _,
X—0C0 xX+1

As result is finite non zero quantity
=  Degree of numerator polynomial = degree of denominator polynomial

= | Degree of polynomial in numerator = 1

{As x+1 has degree = 1}

= l-a=0 =>[2a=1
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Now putting a = 1 in above evaluation
—x(1+b)—(b+1)

lim,_ e ey =2
)
= 1 {by important note}
. Qpta; x———+apx™ _ am _
S 1 p-—9 {limy 0 bytbyxt———tbyx . by where m = n}
=> b:'1'2 :_3

Therefore a=1 and b=-3

(4) Important Formulas in limit

n-1

(1) li x"—a _
My =5~ =NA where a>0 and n€ER

(2) llmx_,g Iog

In particular im0

1
(3) limx—>0(1 + x);: €
(4) limoo(1+ )",

loga(l +x) log
a

log.(1+x)
X

(5) lim,.,

lim,_,q =log, e =1

In particular
(6) limygcosx=1

(7) lim,_qsinx =0

(8) lim, o= sinx_
(9) lim, o 25=1
SUBSTITUTION METHOD:-

In order to apply known formula sometimes we apply substitution method. In this method x is replaced
by another variable u,and then we apply formula on ‘u’.

Let us consider the following example.

Example — 14:-

lim sin2x
Evaluate = *20
ANS:- Let 2x=u =>whenx! !0
U o (as u=2x)
li sin2x _ = i s' =21 sinu
Now My 0 —— 1My 0~z — 1My—g u




f Ax fu

X u

= x fx

In general

Putting Ax=u

Hence some of the formulas may be stated as fllows

. at*-1
1) 1lmx_,0 T = Iogea
et -1

In particular limyo—7— =1

1
2) limyo(1 + AX)% = ¢

i 1
3) lim, (1 + E)M —

1) limxﬂow =log, e
. log.(1+Ax)
In particular im0 =7 =1
£y} sindx 1
)xli% Ax
. tan Ax
6) lim,_,p i 1

Some examples based on the formulas

sin3x
%20 tan 5x

1) Evaluate 1™

Ans :-
. 3sin3x
li sin3x _ BET
My tanSx 1My, Stansx
5%
sin
3x

3 ( ) 3.1 3

—_ : 3X - —
= Ehmxaow,ﬁx) =CoXo=<

5x
]lm 1—-cosx
(2) Evaluate = X720 42 (2014 S)
1—cosx 25["2;
Ans lim,_,o——— =lim,_,—
sing sing 1 sin;—( sm% 1
limy_2.% T = =lim,_p—= ™ =3
2 2" 2 2

Exercise

1. Evaluate the following limits(2 marks)
. Vx+1 -1
lim,_,p———

(i)

i) MeoGns (@b 20)

iy Mxo0 Gy
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2. Evaluate the following limits (5 marks)

i M

Vvx-=1-2

i lim
( ) X—5 x—5
1
ces . xm—1
(i) limye,; —3—

xn—1
13423+3%+..4nd

(1v)  limy,e —

) lim, o x*{Vx* + a2 — Vx* — a?}
3 3
(xii)  lim,_ g

(xiii) ]imx—m%
(2016-S) (xiv) limx_,ocosb;;zcos&‘x
(2017-S)

(xV)  limye B2

li Vi+x—1-x
M0 — =1y (2017-w)

Continuity and Discontinuity of Function In the
figure we observe that the 1% graph of a function in
Fig-1 can be drawn on a paper without raising pencil

i.e. 1% graph is continuously moving where as Fig -2

represents a graph , which cannot be drawn without

raising the pencil. Because there are gaps or breaks.

So, it is discontinuous.
Fig-1

The feature of the graph of a function displays an important property of the function called
continuity of a function.

Continuity of a Function at a point

Definition — A function f(x) is said to be continuous at x = a, if it satisfies the following conditions

(i) limyq f(X) exists.

Fig-2
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(i) f(a) is defined i.e. finite
iy  limynq f(2) = fla)
If one or more of the above condition fail, the function f(x) is said to be discontinuous at x= a.

Continuous Function

A function is said to be continuous if it is continuous at each point of its domain. Working
procedure for testing continuity at a point x = a
1% step — First find limyq £ () by using concepts from previous chapter.

If limyq () does not exit then, f(x) is discontinuous at x = a.
Iflimyq f(x) =1, then go to 2™ step.

2" step — Find f(a) from the given data

If f(a) is undefined then f(x) is not continuous at x =a.
If f(a) has finite value then go to 3™ step.

3" step — Compare [iMy—q £ (%) and f(a)

Iflimyq f () = f{(a), then f(x) is continuous at x= a, otherwise f(x) is discontinuous at x = a.

Examples
Q1. Examine the continuity of the function f(x) at
2_
{x > x#3
x-3
x=3. fx) = 6 x=3
Ans:-
. . x2-9 _ . (x+3)(x-3)
ime-a f () = i35 =l SR

= Jl(l_rg(x+3): 143= ¢ {Asx3,x#3 => x-3%0}

From given data f(3) =6
Now from above liMy-3 f(X) = £ (3)
Therefore, f(x) is continuous at x = 3.

Q2. Test continuity of f(x) at ‘0’ where,

{(1+3x)% x %0
fix) =\ &3 x=0

1
Ans:-limx"’o f(x) = plcii%(l + 3x)*

= lim (1 + 3x)°

x—0

= lim {(1+3x)=}
x—0
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{lim(1 + 3x)3= } 3
x—-0
= €3
{As lim(1+ x)r_

lim(1 + Ax)lx

x-0
In particular xm(1 + 3x)3x— e and
we know, limyo{f(x)}n = {

limy,q f(x) 3m1
From given data f(0) = ¢’
Hence, limy—o f(x) = f(0)

Therefore, f(x) is continuous at x = 0.

Q3. Test continuity of f(x) at x =0

{ IXIxiO
fix)=\0 x=0

Ans. limye o £ (x) = Ll—% le

As |x| is present and x[J0, so we have to evaluate the above limit by L.H.L and R.H.L

x|
method L.H.L = 1Mo (X 0 =>x<0}

—-x
llmx_)o—
= hmxao*(—l) = (-1)

. 1
RHL = Mot - (x10" = x>0}

= lim, o+~ lim,_o+ (1) =1
Hence, LH.L#R.H.L
Therefore, f(x) does not exist.

Hence f(x) is not continuous at x = 0.
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UNIT-III
DERIVATIVES

Introduction

The study of differential calculus originated in the process of solving the following three problems

1. From the astronomical consideration particularly involving an attempt to have a better
approximation of 7 as developed by Bhaskaracharya, Madhava and Nilakantha.
Finding the tangent to any arbitrary curve as developed by Fermat and Leibnitz.
Finding rate of change as developed by Fermat and Newton.

In this chapter we define derivative of a function, give its geometrical and physical
interpretation and discuss various laws of derivatives etc.

Objectives

After studying this lesson, you will be able to:

(1) Define and Interpret geometrically the derivative of a function y = f(x) at x = a.

(2) State derivative of some standard function.

(3) Find the derivative of different functions like composite function, implicit function using
different techniques.

(4) Find higher order derivatives of a particular function by successive differentiation method.

(5) Determine rate of change and tangent to a curve.

(6) Find partial derivative of a function with more than one variable with respect to variables.
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(7) Define Euler’s theorem and apply it solve different problems based on partial

differentiation.

Expected background knowledge

1. Function

2. Limit and continuity of a function at a point.

Derivative of a function

Consider a function y = x?

Table-1

X 5 5.1 5.01

5.001

5.0001

y 25 26.01 25.1001 25.010001

25.00100001

Let x =5 and y = 25 be a reference point

We denote the small changes in the value of x as 'dx”,
Sx = small change in x dy = change in vy,

when there is a change of §x in x.

Sy

Now, éx is called Increment ratio or Newton quotient or average rate of change of'y.

Now, let us write table -1 in terms of 8x, 8y as

Table-2
Sx 0.1 0.01 0.001 0.0001
oy 1.01 0.1001 0.010001 0.00100001
5_y 10.1 10.01 10.001 10.0001
ox

From table-2 Y varies as 8x varies

5x
It is clear from the table when [ | 0 % 310

Sy and

oy
This sx when §x[ | 0 is the instantaneous rate

dy )
In above case x =5, so e atx=51s 10

of change of y at the value of x.
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Definition of derivative of a function (Differentiation)

If y = f(x) is a function. Then derivative of y with respect to x is given by

dy
dx is also denoted by f'(x)

—=—=f'(x)=f"
are same notations

Process of finding derivatives of dependent variable w.r.t. independent varibale is called
differentiation.

Derivative of a function at a point ‘a’

Derivative of y = f(x) at a point ‘a’ in the domain Dr is given by

— l==f'(a) =

Example -1

Find the derivative of f(x) = x%atx =5

dy : f(5+m)—(5)
Ans, @S = £1(5) = 1Mns0 = ——

(5+h)?-52

= ]imh_,g h

(5+h+5)(5+h-5)

= limyg A

(10+m)h _

= lim,g limp_o(10 + h) = 10

v
Geometrical Interpretation of dx
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Y
. Qix+ &x.y+ &)
(Fig.-1) i
PM = y
QN =y + oy
PS=6x
Qs= 6y
‘v+ S)v
v
X' X
o~ X M N
- x+ 6x "
OM=x
Y ON =x+ 6x

Let f(x) is represented by the curve in fig-1 given above.

Let Q(x+6%,y + 8Y) be the neighbourhood of P(x,y). PM and QN are drawn perpendicular to
Xaxis.

PS_L QN

Let QP Secant meets x-axis, (by extending it) and @P make angle 6 with x-axis then angle
QPS=¢6

B:E—Sy

In AQPS, tan~ ~ ps ~ &x
AsQN=y+8Y, NS=PM=y

=>QS=QN-NS=9Y.

Similarly, ON = x+dx and OM = x =>PS = MN = ON — OM

= §x When 6x —0 then Q—P and QP secant becomes tangent

In PQS P { gives slope of PQ line} A

We know
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at P.

Now when éx — 0 the line PQ becomes tangent at P

So,

ay _
—, _ tan 0 = slope of the tangent to the curve at P.

So derivative of a function at a point represents the slope or gradient of the tangent at that point.
Example 2

Q. Find the slope of the tangent to the curve y = x2 at x = 5.

Ans. As we have done it in example — 1.

dy —
a ]x=5 =10

Therefore, slope of the tangent at x =5 is 10.

Derivative of some standard functions

4
1. dx(c)=0
2. % (x™) =n.x"1!
d oxy = % A xy = X a - a
3. dx (@) =a”log. a In particular dx (e¥)=e 4, In particular dx (log x) dx
d _ 1 1
dx (loga x) T x log. a (IIIX) =x
d , . _
- (sinx) = cosx 5.
25 (cosx) = -si 6
-, (cosx) = -sinx .
4
7. dx(tanx) = sec’x
d
8. dx(cotx) = -cosec *x
d
9. dx(sec X) = sec x.tan X
d

" dx(cosec X) = - cosec X. cot X
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11, di (sin~!x) =

12. di (cos™1x)=-

d -
13. - (tan 1x)=

1+4x2
14, (cot ™ x) = - =
15. % (sec™lx) = le\[:ﬂ
16. % (cosec™lx) =- IXI\/JICZ——l

Algebra of derivatives or fundamental theorems of derivatives

If f(x) and g(x) are both derivable functions i.e. their derivative exists then,

d
()  axicfix)} =cf'(x)
d
(i) adfrg=f'+g
i) 50 pr g

(iv) a

VI Gxifgy =fg+f' g
d f‘g - fg’
_{L}:—g g

W) dx " g g°
Example-3
Find the derivative of the following:
(i)3x3 (i) 6Vx (iii) 9 3* (iv) 5 cot x
Ans.
dy _ d (g 3)_ 5d()
() @ ax %) T3 3 X331 0x2
dy _d(6vx) _ nd(Wx) _d 11 1.4 1 1 3
(i) ax ax 0 ar O W)T6yxz =6oxz =g

iy L=9CN =998 - g3xyy3

d(5cotx) _ 5 d(cotx) _
dx dx

2 2

(iv) 5 (- cosec“x) = - 5 cosec“x
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Derivative of a composite function (Chain Rule)

Composite function
A function formed by composition of more than one function is called composite function.
Example of composite functions

1) sin x? is form by composition of two functions, one is sin x function and other is x2.

y=sin x% = sin u where u = x?

2) Similarly y = VxZ + 3x + 1 is written as

y=Vu whereu=x2 +3x + 1

3) Y=+ sin(x? + 1) is form by composition of three functions. y = Vi where u = sin v and v = (x2
+1)

Chain Rule

If y = f(u) and u is a function of x defined by u = g(x), then

Generalized chain rule

If y is a differentiable function of u, u is a differentiable function v, ..... and finally t is a
differentiable function of x. Then

Example — 9
dy
Find ax
(). y=(x*+2x = 1)° (i) y = cot3x

Ans.




(i) y=(*+2x-1)°

Here, y=u’andu=x?+2x—1

du ay _ g4
ar=2x+2=2(ctl)and  ax - 2Y
ay _ dy_du
dx  du dx

= 5yt 2(x+1)

=10 (¢ + 2x = 1)* (x+1)
(i)  y=cot3x can be written as y = u?

where u = cot x

du d

= . cosec?x, L =342

dx du

dy _dy du _ 27_ 2
ot 3 u“(—cosec“x)

=-3 cot?xcosec?x

Methods of differentiation

ENGG.MATHEMATICS-II

We use following two methods for differentiation of some functions.

(i Substitution

(i) Use of logarithms

Substitution

Sometimes with proper substitution we can transform the given function to a simpler

function in the new variable so that the differentiation w.r.t to new variable becomes

easier. After differentiation we again re-substitute the old variable. This can be better

understood by following examples.

Note

When we apply substitution method, then we must have proper knowledge about
trigonometric formulae. Because it makes the choice of new variable easy. If proper
substitution is not made, then problem will be more complicated than original.

Example -15
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sec‘l(—a2+x2) &y
Ify= a 7 then find ax
Ans.
Sec_l(ﬂ)
y = a Putx=atan @
2 2 2 2 2
- Sec_l(Va +aatan 9) — SeC_l(‘m (l-l:'an 9))
A a2 2@ [a]
= sec™1 (A2 Saec ) = sec‘l(aszC )
- —1.%
—sec”(sec@)=¢p = tan (;)
dy _ d “1(x\y — 1 d (x
et (= 2 ()
Now dx dx a 1+(§)2 dx \a
B NS N B
= (1+§) (a) a a2a+2x2
a? _ a
B a(x?+a?) T x%taz
Example — 16
_ _ sin?(cot™! X
Differentiate I=x ) wurt X.
[2018-S] Ans.
) -1 [1+x cos tx
sin“(cot — =
y = 1=x) {Put x = cos 29 =6 }
= in? -1 [ ltcos28\ _ . 2 -1 |2cos?@
sin“(cot (—1_COS 29)) sin“ ( cot 25in0)

— sin? (cot~'Vcot?26) =sin’cot™'(cot8) = gin2g

dy _dy d0_d o0 d cosix
dx df " dx dﬂ(srne)dx( 2 )

1, -1
=2 sin B cos g, (\/1—x2)

) = V1-cos?26
2v1-x? 2V1-x2

Differentiation using logarithm

When a function appears as an exponent of another function we make use of logarithms.

Example — 18
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Differentiate (sin x)'#"*
Ans.
y=(sin x)tanx

Taking logarithms of both sides we have,

Iny = In(sin x)%@n¥

=Iny=tanx Insinx

Differentiating both sides w.r.t x, we have
ldy _

1 .
> -——=tanx——.cosx + sec?x. Insinx
ydx sinx

1d . .
= ;d—i =tanx .cotx + sec®x. Insinx = 1+ sec?x. Insinx

d .
= d_:: =y (1+sec?x. Insinx)

Hence Z_i = (sinx)™"* (1+sec?x. Insinx)
Example — 19

Differentiate y

Taking logarithm of both sides

=Iny=In(x—1)2 +InV3x — 1 - Inx7 - In(6 — 7x2)z {as log ab=log a+logb&log% = log a-log b}
=Iny=2In(x—1) +3In(Gx— 1) - 7 Inx - 2In(6 — 7X%) ¢ g Inx™ = 1 Inx)
Differentiating both sides w.r.t, we have

ldy _ 2 dx-1) 1 1 dBx-1) 7 _3 1 d(6-7x%)

ydx x-1 dx 2(3x-1) dx x 26-7x? dx
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2 .3 7,304
x—-1 2(3x-1) x 2(6-7x?)
- 2 + 3 _Z+ 21x_
1 2(3x-1) x 6-7x%
d 2 3 7 21x
bl bk A
dx x—1 2(3x-1) x 6-7x2
v _ (x=1)%/3x—-1 [ 2, 3 7 21x
ax .. - 3 Li 1 x  6-7x2
dx x7(6-7x2)2 1 2(3x-1) x 6 7x]
(Ans)
1du ldv _

= (x log (In x))()) and vax - (xlog(sm 1x))
1du _ 1 1 ldv_ X 1 1
il R log (In x)] and vdx “sin-1x " vi—x2  + 1. log(sin™1x)

au_ .-l w
proiall et log (In x)] and dx

x
= = Y|
[sinflxv 1—-x2

+ log(sin™1x)]

dv x =1
:> o - n)* [ In x+ log (In x)] and dx = (sin™" x) [sin—Tx T log(sin™"x )]
dy _ dv
Now, dx _( utv )_E-FE
_ 1 in=loaaxgp X in~1
= D [t tog () + 10 07 b ams * 100570y (o

Differentiation of parametric function

Sometimes the variables x and y of a function is represent by function of another variable ‘t’, which is
called as a parameter. Such type of representation of a fnction is called parametric form. For example
equation of circle can be given by x =r cos t, y = rsin t.

Here x, y both are functions of parameter ‘t’.
So, this form of the function is called parametric form.

Differentiation of a function w.r.t another function

Example-28
Find the derivative of tan x w.r.t cot X (2017-w)
Ans.

Let y =tan x and z = cot x

d dz
2 = sec?x , 2 = - cosec?x
dx dx
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dy ) sec’x

=== dr = =_gec?xsin’x d(tanx) _ 2

dz (=) —cosec?x
dx

2
= -sec
,Hence d (cotx)

xsin“x

Now,
Example — 29

Find the derivative of e21°8% w.r.t 2x2  [2018-S, 2017-w]

Ans.
y =e?198% and z = 2x2
Q:i 2logx :i logx? :i 2
dx dx (e ) dx(e ) dx(x ) =2x
dz

e _ & 2
dx dx(zx ) =4x

4y — ¥y, dzy - 2x _ 1

Hence dz ‘dx’‘dx’  ax 2

Differentiation of implicit function

Functions of the form F(x,y) = 0 where x and y cannot be separated or in other words y cannot be
expressed in terms of x is called Implicit function.

eg x2+ 2 ¥ -25=0

xY = y*

XY+ y2x 4 xy =25  etc

Derivative of Implicit functions can be found without expressing y explicitly in terms of x. Simply we

dy
differentiate both side w.r.t xand express dx in terms of both x and y.

Example — 34

y
Find dx when x3 +Y 3- 3xy =0 [2015-S]
Ans.

Given x3+Y 3- 3xy =0
Differentiating both sides w.r.t x We have,

2 24Y _ 4, 4y
3x= + 3y ™ 3x

ax 3.1.y=0
Ay a2
dx(3y Sx) =3y-3x?
day — 3y-3x _y=x (Ans)

dx
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Example — 36

dy . —
Find 2 ify*=x7  [2014

-S, 2016-S, 2017-w]
Ans. Given V" =x¥

Taking logarithm of both sides

=Iny”* =y

=>xIny=ylnx

Differentiating both sides w.r.t x, we have

1
1d *
= x-= &y
ydx+ 1. Iny=dx.Inx+y
xd
Iy dy . ¥

ydx+Iny=Inx dx =x

d
G—Inx) g =G —1ny)

x—ylnx) dy _ y=xIny

:>( hY% dx x

4y _ yy-xIny)
dx x(x-ylnx)

L4y _y=xIny)
dx x(x-ylnx)

Example — 37

i 2
Find ax 1Y cot x = x2 coty

Ans. Y% cotx = x2coty

Differentiating both sides w.r.t x,

dy

y == 2 2 xz(—coseczyﬂ)
dx cot X + YV (- cosec”x) =2x coty + dx

=2

2 2

dy .2 2., 4y
—= - y“cosec“x x“cosec“y—=
Y =2xcoty- Y dx

= 2y cot X dx

d
2 2 Y 9 )
= (2y cot x + ¥ €05€¢ Y)a =2x coty + Y“cosec x

dy _ 2xcoty+ y?cosec?x

dx 2y cotx+ x%cosec?y

Successive Differentiation
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If f is a differential function of x , then the derivative of f(x) may be again differentiable w.r.t x. If

flx) =% - . o
ax then [ (%)is called first derivative of f.
ar’(x) _

If f '(x) is differentiable , and dx =f (X), then f ”(x) is called the 2™ order derivative of f (x)
W.I.t X.

The above process can be successively continued to obtained derive functions of higher orders.

Notations

dy
15 Order derivatives  dx Y .y, Dy, f(x)

d%y
. ay 2
2™ Order derivatives ~ ax2,y”,y2, DV, £ "(x)

d*y
L. ay 3
3" Order derivatives  dx3 , vy, DY )

. aty 5
n™ Order derivatives ax® ,y™, ya, D"y, M)

Example — 1

Find 2™ order derivatives of following function.

(i) y=x°+4x% - 2x% +1 (if) y = l0ge x
1
(iii) y = vx? + 1 (iv) y = vx
() ¢ T o Tt At -2x?H1) = ExtH2x2Axe0
= 5x*+12x%-4x
-y _d dy,_d .4 2_
y 27 dx? T dx (dx) - dx(sx +12x 4x)

=20x3+24x -4 (Ans)

-4 =1
= L(log, x) =2

i)y v
dy, _dE@ _ 1
y 2T a s = (@ns)
(i) y=vAZ+1

==L (x2+1
y' T 2VaxZ+1dx ) (Chain Rule)
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_ 2x+0 _ x
2Vx2+1 Vx2+1

d(—>
_ay: _ ( x2+1)

y2 - E B dx
731 —x L d@HD
1VxZ+1 —x . T
(VxZ+1)? (applying division formula of derivative)

N (x241) = X ox
( ) 2vVx%+1

x2+1

- (x%41)-x?2 - 1
Tt - e )

d,1,_d, -1 _ 1 1.4 _3

(|V) y1=a(ﬁ)_a(x z) __Zx 2 =-oXx 2
S 13 313,75, 3

Y2 dx 2 ( Z)x : 4x 4x5/z

Example — 2
Find y; and y; if y = log(sin x) (2018-S) Ans.

=2 1 cosx =
y T IOg(sin X) = sinx cosx = cotx
_dn _d o
y2~ ax  dx (cotx) COSeC*X(ppc)
Example -3

d%y
If x = at?, y = 2at then find dx? Ans.

d d
dy _ (G _=(2at) _2a0 _1

<y _ i(dy) = d(ﬂ) at
Now dx2  dx‘dx’ dt'dx’" dx

_ze _ 2 1
dx 2at 2at3

Partial Differentiation
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The functions studied so far are of a single independent variable. There are functions which depends on
two or more variables. Example, the pressure(P) of a given mass of gas is dependent on its volume(v) and
temperature (T).

Functions of two variable

A function f : X x Y to Z is a function of two variables if there exist a unique element z=1(x,y) in Z
corresponding to every pair (x,y) in X x Y.

Domain of fis X x Y .

f(XXY) istherange of . {f(XXY) Cz}
Notation : - z = f(x,y) means z is a function of two variables x and y.
Limit of a function of two variable

A function f(x,y) tends to limit 1 as (x,y) [ (a,b), .If given € > 0, there exist > 0 such that [f{x,y)-] | <€
whenever o <|(x,y) — (a,b)| <& .

Continuity
A function f(x,y) is said to be continuous at a point (a,b) if

(i) f(a,b) is defined
(if) limGx)-@b) S (%, ¥) exists,
iy My f(6Y) = f(a,b)

Finding limits and testing continuity of functions of two variable is beyond our syllabus so we
have to skip these topics here.

Partial derivatives

Let z = f(x,y) be function of two variables.
If variable x undergoes a chance §x, while y remains constant, then z undergoes a changes written as 6z

Now, 8z = f(x+6x,y) — f(x,y)

5z
If 5x exist as 8x[ | 0, then we write the partial derivative of z w.r.t x as

Similarly partial derivative of z w.r.ty,
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a a
dx ’ @y symbols are used to notify the partial differentiation.

Note

As from above theory it is clear when partial differentiation w.r.t x is taken , then y is treated as constant
and vice — versa. (All the formulae and techniques used in derivative chapter remain same here)

2" Order Partial Differentiation

dz 0z
If we differentiate the dx ' 9y w.r.t X or y , then we set higher order partial derivatives as follows.

oz oz
1% Order Partial Derivativesdx ' 8y,

2" Order Partial Derivatives

0z _ 0 o
Bx2  Ax ‘0x) = Zyx = fx

o’z _ o oz
oxdy ox By) =Zy = fXy
9%z _ 9 ,0z

ay* - ay ay) = Zyy = fyy
Note:f,. = fv, when partial derivatives are continuous .

Example -1

oz oz
Find 8x ’ 8y

(i)  z=2x*y+xy*+5xy.
-1 £
@i =26
Ans.

(i) z=29CZJ/+x3’2+5xy

92 -9 9529y + Lixy2y + 2
ax ax(2x y)* ax(xy )+ dx (5xy) ( Here y is treated as constant)
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= 2y ——(x?) + y? = (x) + By == (%)

—2y.2x +y%.1+5y.1

= 4xy +y? + 5y,
9z _ 5 20y, 8y* 9y
ay—2x ay+xay + 5x oy

—2x% + X.2y + 5x=97x%+ 2xy + 5x

. tan"1 (%
(i) zZ= (y)
gz __1_ 9 x_ 1
sx 142 ax (y) Tyt
y 32

<=

-y _ vy

T Y@y xP4y?

9z __1 0 (E) =_1 ('_")
ay 1+2ay \y  yixt Yy2
y y2

_ —-X
x2+y?

Homogenous function and Euler’s theorem
Homogenous function

A function f (x,y) is said to be homogenous in x and y of degree n iff (tx, ty) = £"f(x,¥) where t is any
constant.

Example — 4
Test whether the following functions are homogenous or not. If homogenous then find their degree.
(i) 2xy2 + 3x%y (i sin”! ()
Ans.
(i) Let fix,y)=2%V"+3%%Y ftx, ty) = 2(tX)(ty)* + 3 (tX)ty) 2 txt?y? 4 3 252y

=t 3(2xy2 + 3x2y) = t3f(x,y)
Hence f(x,y) is a homogenous function of degree 3.
s —1 f
(i) Let f(x,y)= st (y)
Lo X 10X 0 =15y — 40
=)= =t 3=t
ftx, ty) = sin (ty) sin y sin (y) fx. y)
Hence f(x, y) is a homogenous function of degree ‘0.
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Note
(i) If each term in the expression of a function is of the same degree then the function is
homogenous.
oz oz
(ii) If z is a homogenous function of x and y of degree n , then ax and 9y are also

homogenous of degree n-1.

n
(iii) If z = f{x, ) is a homogenous function of degree n , then we can write it as z =" ® (x)

e.g. In example -4(1) 2x y? 4 3x%y is homogenous function of degree 3.
Now f(x,y) = 2xy? + 3x%y = x*(2(D)? + 3 ) = x*®()

Similarly in Example - 4 (iii), f(x,y) is of degree 1.

3?42y x2 342007 +2(%)?

Now f(xy) ==70% =5 (0 = x (& )= x® (3)
Euler’s theorem
920
If z is a homogenous function of degree n, then =~ ax oy =nz. [2014-S]
Proof: -
Since z is a homogenous function of degree n, so z can be written as
ng Y
e
0z _ 1
Now 52 = N @) + 29/ 20
n—1 g Y ng' ¥y (- X
Ao + a0’ (%) (- )
=nx"1E) - x" 2y @' () e (1)
8z _ Y,
Similarly, ay ( )By (x)
=0 Yy Ly = =1 ¥y
=x"0' %) B = 2" o) 2)

Now x x Equation (1) + ¥ X Equation (2)

oz - Yy - 1Y - re
X ox yay x n X" e A" Y@yt ()

=na"eC) -ty ') +x" T y ()

— Y
L G (proved)
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Example -5

=<

Verify Euler’s theorem for z - [2014-S]

dz _ @ (y)_ y

Ans. ax  9x ‘x x2
9z _ 9 (Z)—l

dy dy ‘x X

Y

Here z=f(x ,y) = x
-y
Fitx,ty)=tx x =1(X,y)
Hence f(x, y) is a homogenous function of degree 0.
Statement of Euler’s theorem is ax 9y =nz (here n=0)

0z 0z
=y = 4 y =
Yoax  Ya=0.2=0

Now we have to verify it.

From above
LHS="ox ay )ty x x x=0=RH.S
Hence Euler’s theorem is verified.
Exercise

Question with short answers (2 marks)

x e 2
1) if z = sin ¥ find ax and 9.

2) Iffxy)=vx>+¥* findf,,f,.

3) Iffix,y) = log (¥° +¥* 2xy) find fex , fyx, fiy

Questions with long answers (5 marks)

2u-3v

4) Given f(u,v) = uz+v? , find f, (2,1) and fu(2,1)

UNIT-1V
INTEGRATION




ENGG.MATHEMATICS-II

Introduction

Calculus deals with some important geometrical problem related to draw a tangent of a
curve and determine area of a region under a curve. In order to solve these problems we use differentiation
and integration respectively.

In the previous lesson, we have studied derivative of a function. After studying
differentiation it is natural to study the inverse process called integration.

Objectives

After completion of this topic you will able to 1.
Explain integration as inverse process of differentiation.

2. State types of integration.

3. State integral of some standard functions like x™ , sinx, cosx,.... sin~1x,...... a
4. State properties of integration.

5. Find integration of algebraic, trigonometric, inverse trigonometric functions using standard integration
formulae.

6. Evaluate different integrals by applying substitution method and integration by parts method.

Expected Background Knowledge

1. Trigonometry
2. Derivative

Integration (Primitive or Anti derivative)

Integration is the reverse process of differentiation.

af(x)_
If ax g(x), then the integration of g(x) w.r.t x is Jgx)dx = f(x) +¢

= The Symbol Jis used to denote the operation of integration called as Integral sign. The
function (here g(x) ) is called the integrand.

‘dx’ denote that the Integration is to be performed w.r.t x (x is the variable of Integration).

‘c’ is the constant of Integration (which gives family of curves)
Integrate means to find the Integral of the function and the process is known as Integration

vV

Types of Integration
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Integration are of two types:- i) Indefinite i) definite The

integration written in the form J g(x)dx i called indefinite integral.

b
The integration written in the form fa g()dx i5 called definite integral.

In this chapter we only discuss the indefinite integrals. The definite integrals will be discussed in the next
chapter.

Algebra of Integrals

i. JUF ) £ g()ldx = f(x)dx £ [ f(x)dx £ [ g(x)dx
i, [Af()dx= A [f(x)dx for any constant

(A [ FOodx) = A (f FOdx_ 54

Il

Simple Integration Formula of some standard functions

i) Jkdx =kx+c
xn+1+ 1
i) Jx"dx =T TP

fl
i)/ xdx =Inl*[+ ¢

iv)faxdx=a—+c

Ina
v) JeXdx=e*+c
vi) [ sinxdx = —cosx + ¢ yjj
) Jcosxdx = sinx + ¢ vjj);
[ sec? xdx = tanx + ¢ ix)
[ cosec?xdx = —cotx + ¢

x) [ secxtanxdx = secx + ¢

Xi ) [ cosecx cotxdx = —cosecx + ¢
[——=dx = sin"'x+¢
xii)d vi—x2 T

-1

; — -1
i) jmdx—cos x+c




ENGG.MATHEMATICS-II

1 = tan-1 ~1 = cot—1
«iv) Jpmdx=tanlx ¢ xv) Jmdx = cot™lx + € i)

1
———dx = sec 'x+c dx = cosec 'x +c¢
| =

-1
xvVx?— XVvii) fx\fxz—l

Methods of integration

1. Integration by using standard formula.
2. Integration by substitution.
3. Integration by parts.

1. INTEGRATION BY USING FORMULAS:-

Example -1 Evaluate the following

3 5 _ 1.5
(i) J(5x3 + 2x 7x+ﬁ+x)dx

[ (5x3 + 2x5 — 7x + — +3)dx
ns : X x

A Vx

dx

-1
s[xdx+2[x°dx -7 [xdx + [x /de+5f x { by algebra of integration}

=1
1+1 5t

x3+1 y5+1 x xz T
= bx + 2 x -7 X +=—=—+5Inlx|+¢
3+1 5+1 1+1 -5+
x* x'

x® x? /2
_ 5ypt2xT—7x5++5hfx[+c

2

4 6 2
= T+ -4+t
4 6 2
= 5i+x——7i+2\/f+5]nx+c
4 3 2
3x*-5x3+4x?—x+2
(i) JC x3 ) dx Ans :

3x*—5x3+4x%—x+2
- f( x3

)dx
3x* 5x3 4x* x 2
_ dex—f?dx+dex—fx—_.dx+fx—:dx

=3fxdx—5fdx+4f%—fx‘2dx+2fx‘3dxdx

—2+1 —3+1

1+1
3x%—5x+4lnx—x +2x +c

—2+1 —3+1
x?
3x2

5x+4lnx+1—%+c
X X

2
= 3i—5x+4lnx+l—i2+c
2 x X




2. INTEGRATION BY SUBSTITUTION:-
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When the integral J F(x)dx cannot be determined by the standard formulae then we may
reduce it to another form by changing the independent variable ‘x’ by another variable t (as x=d¢(t)) which

can be integrated easily. This is called substitution method.

[f@dx=[fe)gde = [FIOOOd, oo o

The substitution x=¢(t) depends upon the nature of the given integral and has to be properly chosen so that

integration is easier after substitution. The following types of substitution are very often used in

Integrations. TYPE -1

=> dx=-dt
[ f(ax + b)dx a

Putax+b = t ~ J f(ax + b)dx =ff(t)%dt = iff(t)dt

adx = dt
TYPE - 11

2™t f(x™)dx
Putx™ =t
nx™ ldx = dt

- dt
=>x"1dx = —
n

[xmf(edx = [ ()5 =1 [ f(t)dt

TYPE — 111

JU @Y. f'(x)dx
Put f(x)=t

Differentiate both sites w.r.t X,

fr@=4

=>[(f Y. (dx = [thdt= "0 4 ¢

= VOB 4o (e =f(0)

n+1




ENGG.MATHEMATICS-II

TYPE-IV

Put f(x)=t
=>f1(x)dx = dt

};1((;()) dx = f% = ln|t| +c= ]n|f(x)| +c ( f(x) — C)

SOME USE FULL RESULTS

dx
1. fax+b
Ans ;- Putaxtb=t

Differentiate both sites wrt x,

a dx
dt
= dx=a
dx at/ 1 rdt 1 1
f = J’ = — | — = —=In|t| = =In|ax + b| + c.
ax+ b t al t a a
_dx _I =
ax b c
ax b a
2. [cotxdx

Ans:-J cotxdx

COSX
= [—dx
sinx

Put sinx =t

Differentiate both sites w.r.t X,

dt

cOSX = —
dx

=dt = cosxdx

d dat 1
w [ = [T =Inlt] = In|sinx| + ¢
sinx t

INTEGRATION OF SOME TRIGONOMETRIC FUNCTIONS




Example - 3

i)Evaluate J Sin3x cos2x dx
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Ans :- [ sin3x cos2x dx

=§f sin(3x + 2x) + sin(3x — 2x) dx
= % [ (sin5x + sinx)dx

= %f sin5xdx + %f sinxdx

1 —cosbx

= 2 5

1
+ =(—cosx

2 ( )+c
-1 1
—cos5x —-cosx + ¢
10 2

;—; (cos5x — 5cosx) + ¢

ii)Evaluate J sin2x sinx dx

Ans :- | sin2x sinx dx
%f cos(2x — x) — cos(2x + x)dx
%J’(cosx — cos3x)dx

%f cosxdx — %f cos3xdx

sin3x
3

1 . 1
- XSsnx — - X +c
2 2

1

. 1 . 1 . .
_ S Sinx — Esm3x +c= g(BSmx —sin3x) +c

INTEGRATION BY TRIGONOMETRIC SUBSTITUTION

TRIGONOMETRIC INDENTITIES
1-sin6 =cos?6(or 1 — cos?6 = sin?0)
tan?6 + 1 = sec?@ (also cot?6 + 1 = cosec?8)
sec’8 — 1 = tan?6 (also cosec?8 — 1 = cot?6)

- the integrand of the formVa? — x2,\/x? + a?,Vx? — a2 capn be simplified by putting

X=a sind
X=a tanf
X=a sect
X=a cosf
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X=a cotf
X=a cosec &

Note

1.The integrand of the form a’ - x* can be simplify by putting x= a sin 6 (or x = a cos 6)

2. The integrand of the form x*+a’ can be simplify by putting x= a tan 8 (or x = a cot 6)
3.The integrand of the form x° - @’ can be simplify by putting x= a se 0 (or x = a cosec 0)

Example -4

dx

i) Integrate I vat-x?

f dx
Ans -7 Vaz—x2

Let x=a sinf
Differentiate both sites w.r.t x
dx = a cos@d@

X
. 0=>0 = sin~1=
And x=asin a

acos@d0 _ |acosf

Hence [—2— =
Vvaz—x2 VvaZ—aZsin@ a cos6

df = [d6 = 6+c=sin'>+c

f & _sin X ¢
\/a x_ a

f dx
ii)Integrate 7 x2+a2

J- dx
Ans :-7 x2+a?

Letx = atan®
diffentiating both sides w.r.t X,

dx = asec?0do
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0 tan

QIR

And x = tan@ =>

f dx =f asec?0do

Hence —_—
x2+a?

a?tan?+a?
_J- asec?0d8

a?(tan?6+1)

_ J- sec’6 d@
asec?@

=1 =1 =lian1%
—afdﬂ—a6+c —tan™' =,

dx
x a

/

X
—tan — ¢
a a

3.INTEGRATION BY PARTS:-

If v& w are two differentiation function of x,then

d dw dv
E(UW)_UE-I_WE
Lo Loow)—w
or Ya&x = ax "W W

Integrating both sites,
dw d dv
Jv—dx= [—(w)dx— [w—dx

dv
_ oy Jwodx

dw

Letu= o thenw = [udx

Then the above result canbe writtenas | uv dx = (| udx) v- udx) x dv dx
dx

This rule is called integration by parts and is used to integrate the product of two functions

Integration of the product of two functions

= (integml of first function)x second function — integral of (integral of first X derivative of second)

Int.of product =(int.first) xsecond — [ int first der second dx)

" | Before applying integration by parts we have follow some important things which are listed below.
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In above formula there are two functions one is u and other one is v. The function ‘u’ is called
the 1% function where as ‘v’ is called as the 2" function.

The choice of 1™ function is made basing on the order ETALI . The meaning of these letters is
given below.

E — Exponential function
T — Trigonometric function
A — Algebraic function
L — Logarithmic function
I — inverse trigonometric function

The following table-1 gives a proper choice of 1* and 2™ function in certain cases. Here meN, n may

be zero or any positive integer.

Table-1
Function to be integrated first function second function
x"e* e* xm
x"sinx sinx x™
x"cosx cosx x"
x"(Inx)™ X (Inx)™
x™sin™!x x" sin"!x
x"cos™1x x" cos™1x
x"tan"tx x" tan~lx
Example — 11
Integrate J x cosx dx
Ans :- J x cosx dx { from table-1, 1% function = cosx
and 2nd function =x }

{f(cosx dx)}x — [([ cosx dx) x %.dx

xsinx — [ sinx.1.dx

xsinx + cosx + ¢
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Example — 12
Integratef x’e*dx

Ans:-J x?e*dx 1% function = e* and 2™ function = x? }
=(fe*dx).x* — [(J exdx)% (x?)dx
—x%e* — [e* x 2xdx

- x%e* —2[xe*dx { again by parts is applied taking e* as 1* and x as 2™ function. }

— x%e* —2[(f e¥dx).x — [([ e*dx).1.dx]

—x2e* — 2xe* +2e*¥ +c= (X*—2x+2)e" +c

Exercise

1.Evaluate the following Integrals (2 marks questions)
1
iy | omax
4
= 1
i) f(x? + xl_/i) dx

1-sin®x
ity { S 9%

2.Evaluate the following (2 marks questions)
. j‘ x%dx
D | =———
(1+x3)2
ii) fsecz (3x + 5)dx

(fan—1x}3d
iii) 172 X
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Definite integral

Introduction

It was stated earlier that integral can be considered as process of summation. In such case
the integral is called definite integral.

Objective

After completion of the topic you will be able to
1. Define and interpret geometrically the definite integral as a limit of sum.
2. State fundamental theorem of integral calculus.
3. State properties of definite integral.
4. Find the definite integral of some functions using properties.
5. Apply definite integral to find the area under a curve

Expected Background knowledge

1. Functional value of a function at a point.
2. Integration.

Definite Integral

Integration can be considered as a process of summation. In this case the integral is called as definite
integrals.

N

a=Xp Vi X3 Va2 X; Xo1 Vo X,=b

Fig-1
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Definition:-

Let f(x) be a continuous function in [a,b] as shown in Fig-1 . Divide [a,b] into n sub-intervals
of length hy, hy, .............. hpi.e. hj =x1—Xo, ho=Xo—X1, .oovnvnnnnn. , hn = Xp — Xp1

Let v; be any point in [Xr1, X;] i.e. V1 € x[0,%1], V2 €[X1,X2],............. , Un €[Xn-1%n].

Then the sum of area of the rectangles (as shown in fig) whennl | is defined as the definite integral of

b
f(x) from a to b, denoted by Jo F()dx
Here,  a = lowerlimitofintegration

b = upperlimitofintegration
Mathematically,

1] = [haf(va) + hof(va) + +h f(V )]

Fundamental Theorem of Integral Calculus

If f(x) is a continuous function in [a,b] and J fx)dx —p (x) + ¢, them

/ =® (b) - (a)

Note :- No arbitrary constants are used in definite integral.

Example:
2 3
1.Find 1 *° dx
Ans.

x*

3 gy =

Firstﬁndfx ax =" ¢

X

Here, f(x)=x3, ® (x)= 4
By fundamental theorem

2.3
Lxd g oy-a)
_ 2 ¢ _ 16 1 _ 15

4 4 4 4

4

S

J—l dx
2.Find ‘0 1+x2
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Ans.
1 dx _ -1 .11
fo 1+x2 _[tan x]O
=tan"'1 - tan™'0
= o -0= n
4 4.

3 2
3.Find 2 2%¢”" g
Ans.
3 2
S, 2xe* 4,
{Let x?=u=>2xdx =du, whenx =2, u=x?=4,
Whenx =3, u=x%2=9,
So, lower limit changes to 4 and upper limit changes to 9}
= f:eudu
= [6“]3 =e?-e*(Ans)

Properties of Definite Integral

P fodx = [ fo)dt

Explanation
Definite integral is independent of variable.

e.g. f; x?dx = f; u?du = f: t2dt
2. [0 f(odx = - [ f0dx

Explanation
If limits of definite integrals are interchanged then the value changes to its negative.

3 2
e J, xdx = - [ xdx

3. [P feodx = [Cfdx + [° f(x)dx where, a<c<b,

Explanation
If we integrate f(x) in [a,b] and ¢ € [a,b] such that a<c<b, then the above integral is same if we

integrate f(x) in [a,c] and [c,b] and then add them.
6 _ 4 6
e.g. J-?. xdx = fz xdx + f4 XdX Gerification

6 _ x2 6
J-Z xdx = [?]2

—Z2 "2 T 27z '192=16 - (1)
4 6 2 2 42 22 62 4_2
fz xdx+_f4 xdx = [%]§+ [%]2 =[?_7]+[7—?]

= -3+ -1 =(82)+(188)
=6+ 10=16 --------- @)
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From (1) and (2) we have,

6 _ 4 6
J-2 xdx = J-2 xdx + -[4 xdx(veriﬁed)

. Jy fGOdx = [} f(a—x)dx
e Jg sinxdx = fufsin(g —x)dx
verification
JEsinxdx =[_ x]0
=-[cos§—coso]=-[o-

. 1] =1 (1)

Jz sin(g —X) 45 = J cos xdx

T
2-sin0=1-0 = ()
From (1) and (2)

T
2

Js

. _
sinxdx = [?sin (E—x) dx(veriﬁed)

5. (i) If f(x) is an even function, then

a _ a
J_ fdx =2 [ f(x)dx
(ii) If f(x) is an odd function, then
a —
J_ fx)dx=0
Example: - By this formula without integration we can find the integral for

f(x) is an odd function if

[F ()= -fx)
Sinx , x ,x3......... are examples of odd functions. f(x) is
an even function if

If (-x) = f(x)
Cosx , x%,x* . ... are examples of even functions .

Example:-
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2 (2
Jo xPdx =2 [ x?dx
{f(x) = x%s an even function as, f(-x) = (-x)* =x 2. So,f(—x) = f(x)}

Similarly,

Reason
f(x) = sinx => f(-x) = sin (-x) = -sinx
So, f(-x) = -f(x)
| f(x) is an odd function.

6.) [ fdx=2[ fxdx f2a-x) =f(x)

(i) Jy“ FOdx_ g f(2a - x) = -f(x).
7.Jo FGdx = [ fla+ b - )dx

Problems

1
QL.Find J_ol¥dx
Ans.
x| = {—x, x <0
x, x =0

x| changes its definition at ‘0’, so divide the integral into two parts (-2,0) and (0,1).

1
Now, f_zlxldx

= [2lxldx + [} 1x1d% (property (3) Jo £ (% = [ f() dx + [ f(x)dx,

0 1
= Jo—wdx + fy xdX (hen 2 < x < 0ie. x <0 then, [x| = -x }

=-E1% + b
2472 " L2 J0fwhen, 0 <x<1ie. 0<xthen, x| =x}

S U G P ¢ Sl
=--1+5 -7
= Hel_o01= 1_3
__[0-2]+[2 0] 2+2 >
6
Q2 61X + 2l g =9
Ans.
6 8
f_6|x+2|dX:f_4|u|du {Letu=x+2=>du=dx, when,x=-6,u=-6 +2=-4}

{when, x =6,u=6+2 =28}
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_ 0 8
= J_, Iul du+ Jo luldu {property (3)}
= f_04 —udu + fos udu

=- 510 + 508

{ when -4<u<0 then Iul = -u and when 0<u<8 ,then Tul = u}

== W) ] = -5 107 = (=4 ] + 5 [87 — 0]

Area under plane curve

In our previous study we know that the definite integral represents the area under the
curve.

Area enclosed by curve and X- axis

Area enclosed by a curve y = f(x) , X-axis , X =a and x =b is given by

Fig-2

Area=f;f x dx
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Example — 1
Find the area bounded y = e* , X-axis x =4 and x = 2
Ans.
Here y = e* is the curve
Area of the curve bounded by X-axis , x =4 and x =2 is
Area = f:y dx = f; e*dx
=[e"]i=e* - e? (Ans)
Example — 2
Find the area enclosed by y=9 -x?,y=0,x=0and x = 2.

Ans.

2 2
Area:fo ydx = fo (9 —x*)dx

UNIT-V
DIFFERENTIAL EQUATION
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Introduction

After the discovery of calculus, Newton and Leibnitz studied differential equation in connection with
problem of Physics especially in theory of bending beams, oscillation of mechanical system etc. The study
of differential equation is a wide field in pure and applied mathematics, physics and engineering.

Objectives

1. Define differential equation.

2. Determine order and degree of differential equation.

3. Form differential equation from a given solution.

4. Solve differential equation by using different techniques.

Definition of Differential Equation

A differential equation is an equation involving dependent variables, independent variables and
derivatives of dependent variables with respect to one or more independent variables.

ay
Here xis an independent variable, y is dependent variable and dx is the derivative of the dependent variable
w.r.t. the independent variable.

N dy 2
-) =+xy=x
Examples: ) dx y
ii) Lyt Yy (Q)4+y =sinx
dx3 dx? dx

oy d .
iii) =X+ sinx = cosx

dx .
Differential equations are of two types as follows: -

Ordinary Differential Equation

An ordinary differential equation is an equation involving one dependent variables, one independent
variable and derivatives of dependent variablewith respect to independent variable. Mathematically F (x,y,
dy &y
dx’dx2,......) =0
. dy 2
- —_ =

Examples : £) dx y=x
i) a2y + x4dz_3’+ (ﬂ)‘l

dx? dx2  “dx’ +y=sinx

d
iii) d—z+ ytanx = secx
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Partial Differential Equation

A partial differential equation is an equation involving dependent variables, independent variables and
partial derivatives of dependent variable with respect to independent variables.

6z+6z

Examples:-a ay - Y

2 2 2
61_,L+81_1+8u=0
ax%  gy%  9z?

In this chapter we only discuss about the Ordinary differential equation.

Order and Degree of Differential equation

Order

The order of the differential equation is the highest order of the derivatives occurring in it i.e.

order of a differential equation is ‘n’ if the order of the highest order derivative term present in the
equation is n.

ay

Examplel : -dx ty=ax

dy
The highest order derivative term in the equation is dx , which has order 1.

~order of the differential equation is 1.

4 3
AR A (d—y)4+
Example- dx*  dx3 dx y=X

dty
The highest order derivative term is dx* , having order 4.

Hence the above differential equation has order 4.
Degree

A differential equation is said to be of degree ‘n’, if the power i.e. highest exponent of the highest order
derivative in the equation is ‘n’ after the equation has been freed from fractions and radicals as far as
derivatives are concerned.

Before finding degree of a differential equation, first we have to eliminate those derivative terms
present in fraction form i.e. in the denominator and derivatives with radicals i.e

ﬂ 3 ﬂ 4 ﬂ
dx’ ydx’ \dx terms.
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Example:- Find the order and degree of following ordinary differential equations.

, dzy dJ’ 4 a“y.3 d3y dy- a
iy = + 2+ 3=

42y _ VN4
Ans: - i) dx? ( )

d*y
Here dx? is the highest order derivative term.

Hence order of the differential equation is 2.

Again equation does not contain any derivative term in fractional form or with radical.

d?y
Power of the highest order derivative term dx? is 1.

Hence degree of differential equation is 1.

3 4 4
ii) (dx‘*) dxi ( ) + cosx =0

dty
From above it is clear that dx* is the highest order derivative term with power 3. Hence order

=4 and degree =3

Linear and Non-linear Differential Equation

A differential equation is said to be linear if it satisfies following conditions.

i) Every dependent variable and its derivatives have power ‘1°.

ii)The equation has neither terms having multiplication of dependent variable with its derivatives nor
multiplication of two derivative terms.

Otherwise the equation is said to be non linear.

. ay

Examples:- dx+ Xy = x?

d®y 4 d®y .
s —= + — +y=
il) dx3 X e y = sinx

d3y d%y

v —F Y —— =
1i1) dx3 Y ax2 4x

G 2
iv)‘d +1="dax




ENGG.MATHEMATICS-II

ddy + dy d?y
V) dx®  dx dx? +y=4x?

Among the above examples (i) and (ii) satisfy all the condition of linear equation. So the 1% two equations
represent linear equations.

d?y
The (iii) is non linear because of the term Y @ which is a multiplication of dependent variable y and
d?y
derivative term dx2.
0
The example (iv) is not linear due to the 1% term which contain dx with power 3 violating the 1%
condition of linearity.

The example (v) is not linear due to 2™ term which does satisfy the 2™ linearity property.

Solutionof a differential equation:-

The relationship between the variables of a differential equation satisfying the differential equation is
called a Solution of the differential equation i.e y = f(x) or F(x,y)=0 represent a Solution of the ordinary
dy d?y d"y
differential equation F (x,y,dx " dx2’""" ax®) = 0 of order n if it satisfy it.
There are two types of Solutions 1) General Solution 1ii) particular Solution

General Solution

The Solution of a differential equation containing as many arbitrary constants as the order of the
differential equation is called as the general Solution.

d?y
Example-Y= Acosx+ B sinx js a general Solution of differential equation dx2
Particular Solution

+y =0

The Solution obtained by giving particular values to the arbitrary constants in the general solution is
called particular solution

d%y

Example: - y= 3 cosx+ 2 sinx is a particular Solution of differential equation dx? Y= 0.

Differential equation of first order and first degree

dy
A differential equation of 1* order and 1* degree involves x,y and dx .

dy

x,y, 2 )=0
Mathematically it is written as dx = f{x,y) or F( Yo ax
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Solution of Differential equation of first order and first degree

The Solution of 1% order and 1* degree differential equation is obtained by following methods if
they are in some standard forms as 1) Variable separable form ii) Linear differential equation form.

Variable Separable form

If the differential equation is expressed in the form,

f(x)dy + g(y)dx = 0, then we say it variable separable form and this can be solved by
integrating the terms separately as follows.

[ dx

Solution is given by © 9(») e

—log | g | +1log [ F(x)| =loge
=gf(x) =c

Where 9(¥) and f(X) are functions of y and x respectively, is called a variable and separable type
equation.

dy

—_— 2
Examplel: - Solve dx X" +2x+5

Sy 2
Ans:” dx "X +2x+5

= dy = (x? + 2x + 5)dx
Integrating both sides we have,
—[dy=[(x?+2x+5)dx

x® | 2x? x3
=>y=T+-+5x+C= T +x?+5x+c

(Ans)

ay _ 2y
dx  x2+1.

Example-2: - Solve

1 -
=>~log, y = tan x, C

=>l0g. ¥ = 2tan~1x + K { 2C =K is a constant as C is constant}
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Linear Differential Equation

A differential equation is said to be linear, if the dependent variable and its derivative
occurring in the equation are of first degree only and are not multiplied together.

Ay .
Example: g Ty = sinx ii)

dy —
i + ytanx = secx etc.

General form of linear differential equation

The general form of linear differential equation is given by,

dy _ d
dx+Py_Q .

is linear in y and dx.
Where P and Q are the functions of x only or constants.

This type of differential equation are solved when they are multiplied by a factor, which is called
integrating factor (L.F.).

LF. =el P dx
Then the solution is given by y (LF)=J Q- (I.F.)dx +C.
If equation is given in the form
d dx
Lt Px=0 | R
dy , where P and Q are functions of y only or constants and is linear in x and 4Y
then

LF.=e/P %
Then the solution is given by x (LF)=J @.(I.F.)dy +C
This can be better understood by following examples.

(1 +x2) 2+ 2xy = x3( 2014

Example-11: - Solve -S, 2016-S, 2017-W).

2y 4y _ .3
Ans:-(1+x )dx+2xy—x

d 2 3
=4 xy _ x

dx = (1+x2)  1+x2

LDy py=
By comparing with the general form of linear differential equation dx Y= Q.




ENGG.MATHEMATICS-II

2x x3
Here P = (1+x3)& Q = 1+x2

ZXV d
Now integrating factor I.F. = el Pax = ef(”xz) x( putting 1 + x? = t =>2xdx = dt)
IE
=elt =eM=t=1+ x?
Solution is given by

yxI.F.= [Q.(I.F.)dx +C =flf; (1+x¥dx +C=[x3%dx+c

2 -x
Yy 1+ =5 tc

x* c

Y= 4(1+x2) + 1+x2

dy

ay _ =X
Example-12: - Solve ax ty=e

Ans: - By comparing the given equation with general form of linear differential equation we have, P=1
andQ=e*

LE. =elPdx = gf1ldx— px

Solutionis Y- (I.F.) = [Q.(I.F.)dx +C
= e~*e*dx + ¢

:>y€x :fldx‘l‘c:x_l_c
=y =xe X +ce™™

2N L
1-x )dx Xy = 1(2017_S

Example-13: - Solve )

- N A
Ans: (1 x)dx xy =1

dy x 1
T 1-x?

Comparing with general form we have,

_ x 1
P 1-x2 and Q = 1-x2

[Pdx = ,J—Zdx 2o ot
Now ILF. =€ e’ 1 (Putl—x t=> —2xdx =dt => —xdx 2)

d
:efﬁz e%tntzeln‘ft :ﬁ
=41 —x2

Solutionis ¥-U.F)= [Q.(I.F.)dx +C

=>yV1—x2 = f1_1x2\/1—x2dx +C=f\/%+c




=sin"'x+c

Hence solution of the differential equation is given by

sin~lx n c
1-x2 1-x? (Ans)

Exercise

ENGG.MATHEMATICS-II

Question with short answers (2 marks )

1. Find the order and degree of the differential equations.

) d—y [1+ (%2 (2016 S

i) =@ (@09,

W)
2) Solve the following

ay _ x+
i i ety (2019_W)

dy 2y ay

i) dx  x2+1iii) dx

= tany

Questions with long answers (5 marks)
3) Solve the following

2\ &y A2 —
i (1+x )dx+2xy 4x“ =0 (2019_W)

”)dy + ytanx = secx (2015

S)
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