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UNIT-1
MATRICES AND DETERMINANT

MATRICES:

[History of the Matrix: The matrix has a long history of application in solving linear equations. They
were known as arrays until the 1800_s. The term —matrixl (Latin for —wombl, derived from
mater—mother) was coined by James Joseph Sylvester in 1850, who understood a matrix as an object
giving rise to a number of determinants today called minors, that is to say, determinants of smaller
matrices that are derived from the original one by removing columns and rows. An English
mathematician named Cullis was the first to use modern bracket notation for matrices in 1913and he
simultaneously demonstrated the first significant use of the notation A=(ai,j )to represent a matrix
where ai,j refers to the element found in the ith row and the jth column. Matrices can be used to
compactly write and work with multiple linear equations, referred to as a system of linear equations. ]

Definition

Matrix (whose plural is matrices) is a rectangular array of numbers (or other mathematical objects),
arranged in rows and columns, for which operations such as addition and multiplication are defined.
The numbers are called the elements, or entries, of the matrix. Generally the capital letters of the
alphabets are used to denote matrices and the matrices are commonly written in box brackets or
parentheses ([ ], ())

Example:

A1
A = : :
Am1 " Qmn

If there are m rows and n columns in a matrix, it is called a | m by nl matrix or a matrix of order
mxn, where m is the number of rows and n is the number of columns.. Example:

_n 2z 3
A=y 1 3
A is a matrix of order 2x3 ( matrix with two rows and three columns)
5 2
5o 1]
7 3

B is a matrix of order 3x2 ( matrix with three rows and two columns)

Types of matrices:

1. Row matrix: Matrix with a single row is called a row matrix
A=[a b c |

A is a row matrix (1x3) with one row and 3 columns
B =layy oo yn]

B is also a row matrix (1xn) with 1 row and n columns.

Column matrix: Matrix with a single column is called a column matrix

of

A is a column matrix (3x1) with 3 rows and 1 column



https://en.wikipedia.org/wiki/Parentheses
https://en.wikipedia.org/wiki/Parentheses
https://en.wikipedia.org/wiki/Parentheses
https://en.wikipedia.org/wiki/Parentheses
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an1
Bis column matrix(nx1) with n rows and 1 column.

3. Null matrix: a matrix is said to be a null matrix or zero matrix if all its entries are zero it is
noted by Omxn, if it has m rows and n columns. Example:
Opys = [0 0 0
0 0 O
4. Square matrix: if the number of rows and columns of a matrix are equal the it is said to be a
square matrix.. Example:
a b c
A=|d e f ]
g h i

A is a square matrix(3x3) of order 3 where number of rows and columns are each 3.

5. Diagonal matrix : a square matrix of which the non -diagonal elements are all zero is called a
diagonal matrix. Example:

a;; 0. 0
0 A29 wuvone 0
A=
0 0.... Ann
A is a diagonal matrix of order n Example:
20 0
[0 8 0]
0 0 5lisadiagonal matrix of order 3
6. Scalar matrix: if the diagonal elements of a diagonal matrix are all equal it is called a scalar
matrix. Example:
a0o0

0 a 0]
0 0 alis a scalar matrix of order 3

7. Identity matrix: if the diagonal elements of a diagonal matrix are all unity (1) , it is called a
unit matrix.
Example:
100
3=[0 1 0‘
I L0 0 1ks a unit matrix of order 3
A unit matrix is also called identity matrix. A unit matrix of order n is denoted by I, or L.

8. Transpose of a matrix: Transpose of a matrix is obtained just by changing its rows into columns
and columns into rows. It is denoted by AT OR A" Example:

ad
be]

¢ f

ab c A=
A=[ , then A
If de f T or
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(A4 is (2x3) matrix whereas A" is (3x2) matrix)
b
A=
If . , then (both are (3x3) matrices)

Algebra of matrices

a) Equality of matrices: Two matrices A and B are said to be equal if and only if
i. The order of Ais equal to that of B
ii. Each element of A is equal to the corresponding element of B.
Example:
[x yH1 2] =x=1 and y= 2

But, [;] #l1 2]

X
As the order of [Y]is 2x1 where as order ofl1 2] is 1x2.

b) Addition of matrices: The sum of two matrices A and B is the matrix such that each of its
elements is equal to the sum of the corresponding elements of A and B. The sum is denoted by A+B
.Thus the addition of matrices is defined if they are of same order and is not defined when they are of
different orders. Example:

1 2 0 2 3 1
A=13 1 5| B=|0 =2 2‘
If 0o -2 1 1 2 -1

A + B is defined as the order of A and B are same (3x3)

1+2 2+3 0+1 3 5 1
A+B=| 340 1-2 542 =[3 -1 7]
0+1 —-242 1-1 1 0 0

Which is also of order (3%3)

_I2 3 4 _[2 1 3 _[4 3 1
If A_[1 2 3]’ B_[z 2 1 andC_[Z 3 4
_[2+2+4 3+1+3 4+4+3+1] _8 7 8
Then 2V EYC =li4242 24243 34144 5 7 8]
Three matrices of order( 2x3) are added and the sum is a matrix of the order (2 x3) .
_ _31
o AT 2L B=G 5

Then A+B is not defined as the order of A and B are not same

Properties:

1.  The addition of matrices is commutative

If A and B are two matrices of same order, then A+B = B+A Proof:
Let A =(ajj) and B =(bj;j) be two matrices of same order

Then,a+ B = (aij + byj) = (b +a;;) =B+ 4

Example:
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o2 121
IfA_[34’ B‘[zz
Then
C1+2 24+11_[3 3
A+B_3+2 4+2_[5 6
C[2+1 1421_3 3
B+A‘[2+3 2+4‘[5 6

Hence A+ B= B+ A

2. The matrix addition is associative

If A,B and C are three matrices of same order, then A + (B + () = (A+B)+C
Proof:

Let A= (a;j),B = (bij)and C = (¢ij) pe three matrices of same order.

Then,
A+(B+C) = (aU+(bU+cU)) = ((au+bu)+cu)=(A+B)+C
Example:
1 3 3 2 2 1
A=|2 2(,B=|1 1| c=|3 3| y
3 1 2 3 1 2 3)

1+(B+2) 3+(2+2)
A+(B+0)=|2+1+3) 2+ +
3+42+1) 1+G+

1+3)+2) 3+2)+1)
=(2+1D+3) C+1)+3)|=A+B)+C
B+2)+1) (1+3)+2)

3.  Zero matrix (O) is the identity matrix for addition

A+0 = A
Proof:
Let A= (a[-j), Then, A+0 = (aij +0) = (aij) =A
Example:

a=[3 3l 0= o

a0 =3 23 =1 24

4. Additive inverse of a matrix

The matrix in which each element is the negative of the corresponding element of a given matrix A, is
called the negative of A and is denoted by ([ 'A). The matrix —A is called the additive inverse of the
matrix A.

ie 1fA=(ay),Then-A = (—a;j)
and A+ (=4) = (@;+(=ay)) = (0) =0
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Example:

i [ f’ﬁlthen, -a=[Z5 ]
G A+ = [

ie A+(-4)=0

Againif A+ B = 0. Then A is the additive inverse of B and B is the additive inverse of A

¢) Subtraction
The subtraction of two matrices A and B of the same order is defined by

A1B=A+(C 1 B)
Example:
A
If
Thend B =A+(B) | M
2 —1
1 0
= _3 _2 —+ =

d)  Product of a matrix and a scalar
The product of a scalar m and a matrix A, denoted by mA is the matrix whose elements is m times the

corresponding elements of A . Thus if,
If A = (ay), Then mA = (my;)

Example:
_[a b _[ma mb
A—[C dl then mA _[mc md

Example:

,fA_[z ]thenm_[zm 2x1) _¢ 2)

2x3 2x-=2

e)  Matrix multiplication

Multiplication of two matrices is defined if and only if the number of columns of the left matrix is the
same as the number of rows of the right matrix. If dis a (mxp) matrix and B is a (pxn) matrix, then
their matrix productAB is the (mxn) matrix whose entries are given by product of the corresponding
row of A and the corresponding column ofB .i,e the elements in the ith row and jth column of AB is
the sum of the products formed by multiplying each element in the ith row of Aby the corresponding
element in the jth column of B. i.e

If A= (ajj) is a ( mxp) matrix and

B = (b;) isa (pxn) matrix

—_yk=p
Then, AB = (C)ij is a (mxn) matrix, where Cij_2k=1 ik b

Example:

a1 Q12 Qg3
A=[

b11 blZ b13
Gaz1 dpzz a23]2x3

and B = ’bm by bys
If bsy b3z bzzl; g

The product, AB is defined because number of column of A = number of rows of B. In this
case the order of AB is (2x3)
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We have,

b b by
ABz[all a; (113] b“ blz b _[Cn C12 513]
Qz1 Gz Qg3 b21 b22 b23 €21 C22 C323
31 D32 Ds33

—yk=3
Applying Cij_Ek=1 Ay ki, we get,

a;1byy +agabyy +ag3bgiag by +ag2bys + ag3bzaagbyz +as3byz +ai3bas

azibyq +azybyy + azsbsy az by +azbay + azsbszaz bz +azbas +azsbas

-1
2
If 3 l3x1

Then the product AB is defined and given as
3 1 2 3
ap= 1 7 [ ‘

(Ix-1)+(2x2)+(3x3)
( 2x -1+ (1x2)+(-1x3)

Example:

1 2 3

“2 1 =1l and B =

|

=[ 21:24—+39] [IZ]M

Properties:
1. The multiplication of matrices is Not always commutative that is if A and B are any two matrices
then AB # BA

case-1: If A and B are matrices of different orders such that the product AB is defined, but BA is not
defined or if BAis defined but AB is not defined.

Example:
12 3 3
A= [ and B =|1|,then AB is defined, but BA is not defined,
If 213 2

Therefore, AB # BA

case-2: If A and B are square matrices of same order, then the product AB and BA are both defined.
But AB # B4, in general

Example-1:




ENGG.MATHEMATICS-I

1 2 2 1
AB
BA ) _
[fA=7_1 2] and B=[1 2] Then
=[5 Gl =15
=[S G =1
0 AB # BA

But in some cases matrix multiplication is commutative i.e. AB = BA

Example-2

IfA= 3 (3) (scalar matrix) and B = [; ﬂ .Then we have
as =[5 3l =[5 3]
I P O B P

Hence AB = BA

Example-S: if A= [; 2 and B = [é g] (unit matrix). Then
as =[5 3l 1 =15 il

sa-ly U8 3 -

Hence AB = BA

2. The multiplication of matrix is associative

If A, B, C are three matrices such that the products (AB)C and A(BC)are defined,
Then (AB)C = A(BC)

Example: Let 1 5
1 2 3 0 2 -1
A= y3=ﬁ —4mmc=[ |
4 0 1 2 1 -3 4 2 Then

AB = [Alf i g I g 250160131] - [g 221]

(AB)sz 221”—03 zzl- _21]: 00—_663 14+8 —7+4]_[

12+84 —6+42

1 5 0-15
_ 0 2 -1]_
BC—(Z) —13“_3 4 2]— g+g 2420 —1+10 I—15
- 0-12 0-6 [=|9
4+4 -2+2 -3

22

—63 96

—-12

9
—6
0

—3

|
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aoy=[L 2 9 _;5 _2122 _96 _[~15+18—9 22-24424 9-12+40
4 0 1 _3 8 0 —-60+0-3 884+0+8 364+0+0
=[—6 22 —3]
—63 96 36
Therefore, (AB)C = A(BC)

3.  Identity matrix of multiplication

The identity matrix of multiplication for the set of all square matrices of a given order is the unit
matrix of the same order. Example-1:

a b 1o
andl—[o 1

If A= [c d then we have,

I A R e

=t 0 Y- [ 2-a

Therefore, Al = IA = A

Example-2:
ro b

A= |

If

ab cif1 00 a b c
AI=def|OlO‘=[def = A

g h ill0 0 1 g hi

10 011ra b ¢ ab c
1A=010d€f]=[def] = A

00 1llg hi g hi

DETERMINANT

To every square matrix A of order n, we can associate a number (real or complex) called determinant

of the matrix A, written as det 4 07 |A| In the case of a 2 x 2 matrix the determinant may be defined
as

o A=le Hanen =[2 Y= a-o

Notes:
i. Only square matrices have determinants.
ii. Fora matrix 4 |4] is read as determinant of Aand not, as modulus of A.

Determinant is used in the solution of linear algebraic equations.

Consider the two equations,
aix + biy +c1 =0

ax + byy +c,=0
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Solving this system of equations, we get
x=(bicz —bsci)/(aiba —asbi) and y

=(c1a2— cra1)/(aibz-azb1)

This solution exists, provided aib;-a>bi#0

The quantity (aibr-a;b;)determines whether a solution of the linear equation exists or not and is

a; by
denoted by the symbol 132 bz which is called a determinant of order 2.
a; by
= asbz-azb
Thus az by G

The determinant is also sometimes denoted by the symbol A .

Similarly, the system of equation
aix tbyy+ciz+di=0
ax+boytcoz+d, =0
asx+bsytcsz+d; =0
admits a solution if, (a;bacs — aibsc, +asbic, —asbicst asbsci — asbaci)#0 The above

expression can be denoted by

a; by Cq
a; by ¢
az bz c3

a3 by o , which is called a determinant of order 3

a; by ¢
az by ¢

i.e aibacs — aibscy +azbicy —asbicst+ axbsc; — azbac

Minor and cofactor

Minor: Minor of an element %ij of the determinant of matrix A is the determinant obtained by deleting
ith row and j th column, and it is denoted by Mij.

411 A2 g3
dzp dzz A3
dz1 d3z 433

In a determinant

_ |322 323|_ M
Minor ofa'’ ~ lazz agzl”
_|221 Qz3|_
Minor of a 2 _|331 333|_ 12 and so on.

Cofactor: The cofactor of an element a;; is defined as (I'1)"'M;; where Mj; is the minor of aj; .
It is denoted by C;j;

ie  Cj=cofactor of aj =(-1)"Mj;
Cu = (-1)1n1Mn =Mun

Ciz=(-1)1+2M12 = -M12
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Ci3=(-1)"*M;3=M;; andso on..

Expansion of determinants

Example:
(@) For determinants order 2
a1 a12|
= aq18z- aza
|5121 ay, |~ a1322" 321812

(b) For higher order determinants:

A determinant is evaluated by expanding the determinant by the elements of any row (or any column)
as the sum of products of the elements of the row (column)with the cofactors of the respective
elements of the same row (column). Thus There are six ways of expanding a determinant of order 3
corresponding to each of three rows (R1, Rz and R3) and three columns (Cy, €2and €3) and each way
gives the same value.

aibicy
azb,c;
azbscs

a; b,

A= az b

b a, ¢
=a1(_1)1+1 bj +b1(—1)1+2 |a§ C§|+(_1)1+3

Cz
C3
= al(bZCS‘bSCz) - bl(3203-Cza3)+C1(azb3- bza3)

=a1C11+b1Ci2+ci1Ci3

(where Cj; is the cofactor of the element corresponding to ith row jth column) The above

expansion has been made using the elements of the 1* row Example:
2 3 4

ol Ly ey
=2(4+3) -3(-2-12) +4(1-8)
= 2(7) -3(-14) + 4(-T)
=14 +42 -28 =56-28 =28

Properties of determinant:

Property 1: The value of the determinant is not altered by changing the rows into columns and the
columns into rows.

ic |4 = |A|, where A" = transpose of matrix A.

Example:

[+ oF 5la

|£22L §=10—12=—
|3 c| =10-12=

Property 2: If two adjacent rows or columns of a determinant are interchanged then the sign of the
determinant changes without changing its numerical value. Example:

a; by a; by
a; bal T fa; by (changing 1% and 2™ row)
ap by|_ |1

Or a; byl by ay ( changing 1* and 2™ column)
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Property 3: if two rows or two columns of a determinant are identical then the value of the
determinant is zero.

Property 4: If each elements of any row or any column is multiplied by the same factor then the
determinant is multiplied by that factor

Property 5 : If elements of a row or a column in a determinant can be expressed as the sum of two or
more elements, then the given determinant can be expressed as the sum of two or more determinants
of the same order. Example:
|a1 +0oq b1 ‘31 b1| |0C1 b1|
= +
a,+o; by a, by x5 bo

Notes:
LIf all the elements of a row (or column) are zeros, then the value of the determinant is zero.
ILIf value of determinant _A‘ becomes zero by substituting x = a, then x — o is a factor of _A‘.
IILIf all the elements of a determinant above or below the main diagonal are zeros, then the value of
the determinant is equal to the product of diagonal elements.

Adjoint of a Matrix :
If A is a square matrix, then the transpose of the matrix of which the elements are cofactors of the

corresponding elements on A is called the adjoint of A and denoted by Adj A. Example:
11 Q12 Qg3

A=|Gz1 Q2 QAz3
If Q31 Q32 daz
€11 G2 €13
cof A= |C21 C22 C23
€31 C32  C33] where Cij is the cofactor corresponding to the element %ij.

Then Adj A = (cof 4)" (Transpose of the cofactor matrix)

€11 C21 €31
=[C12 €22 €32

€13 C23 (33

Example 1:
_ [ 2
Let A= [3 1
Here =1, = [13, =012, =]

Cof A [_12 7l =

Adj A= (Cof A) S s
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Theorem-1
If Ais a square matrix then A.(AdjA) = |A|] = (Adj A). A

Proof;-
Let A= ' 2 then
21 Q22
C C
Adi A =[ 11 21]
1205 ey, ¢
. a11 aiz
A.(Adj A) = a21 azz [c

_ [a“c“ T @262 11021+ alZCZZ]
az1€11 + 22012 a21C21 +az;¢a

_[14l 0] -
‘[0 |A| |A|[0 1l = Al

Hence A.(AdjA) = |A|I
If|A| = 0then A.(Adj A) is zero matrix. In this case the matrix A is said to be a singular matrix.

ie Matrix A is singular if |A| = 0 and non — singular if |A| # 0.
Inverse of a Matrix:
If A and B are two square matrices of the same order such that AB = BA = |

Then B is called the multiplicative inverse of A.

Biswrittenas A1 or B= A1 [f Ais a non-singular matrix, then 4" exists and the inverse is
Also, A is called the inverse of B and is writtenas B'lor A= B71
given by

aTt= 2 ( Adj A)

- Examplel

1 1

2 1
11

A=
|A] =

A is a non-singular matrix. Hence A~! exists. We
know that

- 1 ,
AT = (Adj A)

Here C11 =1, Ciz= -1
CZI = _1’ CZZ = 2

1 -1

cora=sy S|

Adj A = (CofA)T=[1 _1]T=[_11 _1]

=gl = 7
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Cramer’s Rule:-

Cramer‘s rule is used in the solution of simultaneous linear equations
Consider the equations in two variables
axx + by = dy aox + bay =
d;
Solving these two equations by using cross multiplication method we have
x _ y _ 1

dybz—d;by
x y 1

a,d;—azd, ayby;—azby

iePx Dy D

Where,
_ a; by
D :albz azbl = a, bz #0
dy by a; d,
Dx_dle d2b1 = dz bz , Dy—a1d2 azdl - 5 dz
Dy Dy
Therefore, x=bp, y= b
Consider the equations in three variables
a1x+b1y+ Ciz=01 a
X +bay+C2z =dy as + bay
—+ CBZ = d3
Here,
a by
az by c
D=laz b3 c3
Now multiplying D by x, we have
ax by o
arXx bz Co
azx bz c3
xD= a1x+ by +
Gz by o
ax+ by + 2
=lagx + by + ( Ty )
dy by ¢ D,
d; by~ ¢
dz bz c3
Or xD =Dy
Or,
r_1 z_1
Similarly, we can show that 2y 2 and Dz D
Where,
di by ¢ a; di ¢ a; bydy
dZ bZ Co Dy = |, dZ Cy DZ = |Gy bz dz
Dx = d3 b3 C3 as d3 C3 as b3 d3
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_Dx o, _ Dy ,_Dz
Therefore, X =2 Y=75 %575
Example 1
Consider, X +2y =5
3x +
1 2
Here |3 1| D= =16 =-5#0
The system admits a solution
Dx=|§ 2 =5-14 = -7
5
Dy=|3 | - 7-15= -8
By Cramer ‘s rule,
Dy -7 7 Dy -8 8
X=—=—=-, y = = — = -
D -5 5 D -5 5
Example 2
Consider, X *y =
2x+2y =7
Here D= 12 | = 2-2 0

The system does not possess a solution.

Example 3 Consider,
x —=2y+z=2
6x —9y+z=1
—I9x+12y+z=4
1 -2 1
6 -9 1
Here, D=1-9 12 1

ﬂl;? |2|—9 1 1|6 9
= —-214+30-9 =0
Similarly, Dx =0 ,Dy = 0 Dz =0

So, the system has infinite number of solution.

Solution of simultaneous linear equations by matrix inverse method Let us
consider two linear equations with two variables aix tbiy=c1  ax+ by
=

The above system of equations can be written as

AX=B

b X
Where A=[2; b;] _[] and B= [ ]
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Or, X:A"B

= L (AdjA) B

if |A] # 0 Then the system admits solution.

Similarly, for three linear equation with three variables
a; X t+agy +azz=>hby
dp1X + dl2V + dg3Z = bz

d31X + dzay + d33Z = b3

The above system of equations can be written in matrix form as

Q11 Q12 Q13 bl
A= [am Q2 QA23], [ ]and B = ‘
AX = B, where d31 dzz Q33 b3
Then,
X=A"'B
or, X—W(Ad] A)B

If|Al # O Then the system admits solution

Example 1

Consider the following system of linear equations
3x-4y =1
2x +y=38

The above system can be written as

AX =B

WhereA - [g _4]’ X = [;] and B = [33]

1 = —
or X=AT'B lAl(Ad]A)B

Here A= Y =s--8)= 1120
So, the system of equations admits solution.
Here, Ci1=1, Cp= -2

(1 =4,

Cof A= [1 —2]

4 3

1
Adj A = (Cof Ay :[_2

So that, we have

X—m(AdJA)B_ 1_11[_12 g][;]
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17 1+32 [33/11] [
—2424 22 22/11

Hence, x = 3and Y=2

Example 2
Let us consider the system of equations,
x1yt+z =2
2x + y-3z =5
3x-2y-z = 4

The
1 -1 1 x 2
AX = B,where A =12 1 -3 X=[y] B=15
3 -2 1 z 4
X = A‘lB—m(Ad]A)B
1 -1 1
|A| = 1 -3l=1(-1-6)—1(-24+9) +1(-4-3)==-747—-7=-=7 #0
3 -2 -1

system of equations can be written in matrix form as

Or,

So, A~! exist and the system admits solution.

We have,
CZ] = —3, CZZ = —4', C23 = —1
-7 — =7
So Cof A = [_3 _ _1] that,
2 5 3
-7
Adj A = (CofA |-3
2

)'=

So that, we have,
. -7 =3 2]1[2
= m(Ade)B =(1/-7) [—7 —4 5] IS]

-7 —1 3114

-21 =-21/-7 3
-
—7 =7/=7 1

-14—-15+8
=(1/-7 )\—14 —20+20
—14—5+ 12
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Hence, X = 3, y= 2, z=1

Some Solved Problems

Q-1: Find the minors and cofactors of all the elements of the matrices

1 2 1
(i) 2 3 2 1 3
-1 4 @y l1r 4 2
Sol:
2 3

(i) Givenl—1 4
— (_1)it+] ) 3
Let Mij and Cij = (=1)""'Mij are the minor and cofactors of the element a ij, then
Mu =4, Cu=(-1)imMn=4
M]zz -1, C[zz(-l)Hlez:l

My1=3, C21=(-1)2:1M21=-3
M22=2, C2=(-1)2+2M22=2

1 2 1
2 1 3
1 4 2

(i) Given

— (_Niting. ) .
Let Mij and Cij = (=1) M ij are the minor and cofactors of the element %ij. Then,

11 3|10
M=, pl=2-12 10, Ci=(-1)""M;=-10
2 3| _ ., 4
Mz = 1 2 =4-3= 1, Ci=(-1)"M o= -1
2 1 _ o ._
Mys = 1 4 =8 1_7, Cir=(-1)"*M;5=7
, Co=(-1)*""M21= 0
1 1] _ _
MZZ = |1 2| — 2 - 1 = 1, szz(_1)2+2M22: 1
1 2
My, = =4-2=2,
23 |1 4| Co=(-1)*"Mp= -2
2 1 _, . _
M3y = |1 3|_6 1_5, Cai=(-1*"'"M3 =5
1 1 _ 8 .
Mzz = |2 3| =3-2=1 , Ca=(-1’"Ma= -1
1 2|4 .
Mss = |2 1| =1l-4= 3, Ca=(-1)""M3;=-3
|2x+1 3|=5
Q- 2.Solve X 2
Solution:
|2x+1 3|=5
Given x 2
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Or, 2(2x+1)-3x =5
Or, 4x+2 -3x =5
Or, xt2 =5

Or, x=3

1 2 3 1 2 3
A=|6 7 8‘,B=\3 4 2]
Q- 3: Verify that [AB]"= B'A" where 6 -3 4 5 6 1
Sol:
1 2 311 2 3
AB = |6 7 8”3 4 2
6 -3 4lls 6 1
(1+6+15 2+8+18 3+4+3 222810
=l6+21+4+40 12428+48 18+ 14+8 =[678840‘
[6-9+20 12—-12+24 18—-6+4 172416
22 67 17
[AB]T=’28 88 24‘
10 40 16
1 6 6 1 3 5
AT=|2 7 —3] and B'=|2 4 6]
Again, 3 8 4 3 21
1 3 5][1 6 6
BTAT=|2 4 6“2 7 —3‘
3 2 1113 8 4
1+64+15 6+214+40 6—-9+20 2267 17
2+8+18 12+28+48 12—12+ 24 =[2888 24] 10
3+4+3 18+14+4+8 18—6+4 40 16

Hence, AB[]"=B"A"

EXERCISE
1. 02 Marks Questions
1 a b+c
1 b c+a
. Evaluate 11 bl
c a+
a b ¢
b a bl=0
Il Solvelx b ¢
1 2 =3
4 5 0
Ill.  Find the minor and cofactor of the elements 4 and 0 in the determinant |12 —1 1 |

a—-b b—c c—a
b—c c—a a-—b>b
c—a a—b b—c

IV. Evaluate

sinx coSs X
V. What is the maximum value of l—cosx 1 + sinxl|.
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2. 05 Marks Questions
1+x 1 1
1 1+x 1
. Solvel 1 1 1+x
1+a 1 1
1 1+5b 1
1. Prove thatl 1 1 1+c
(a+D(a+2) a+2 1
(a+2)(a+3) a+3 1|=-2.
. Provethat|(@+3)(a+4) a+4 1
1 1 1
b+c c+a a+b
IV. Provethat|b? +c? c¢?+a? a®+ b?
a a* a®
b b? b3
V. Provethatlc ¢? ¢2

= abc(1+-+7+7)

=(a—b)(b—c)(c—a)

=abc(a—b)(b—c)(c—a)
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UNIT-II
TRIGONOMETRY

Introduction

The word _trigonometry* is derived from two Gree words _trigonon‘ and _metron‘. Trigonon means
a triangle and metron means a measure. Hence, trigonometry means measurement of triangles, i.e.
study of triangles, measurement of their sides, angles and different relations which exist between
triangles relates. Initially, this concept was developed to solve geometric problems involving
triangles. In earlier days, these ideas were used by sea captains for navigations, surveyor to map the
lands, architects/ engineers to construct the buildings, dams, etc and others. But now a days, it‘s
application has extended to many areas like satellite navigations, seismology, measurement of height
of a building or mountain, in video games, construction and architecture, flight engineering,
cartography (creating maps),in oceanography to measure height of the tides and many other areas
also.

The following three different systems of units are used in the measurement of trigonometrical angles
Measurement of an angle:
There are three systems of measurement of an angle.

(i Sexagesimal system
(i) Centesimal system
(iii) Circular system

(i) Sexagesimal system
@) Iright angle = 90 degrees(90°)
1° = 60 sexagesimal minutes or(60")
1 minute or 1" = 60 sexagesimal seconds
(i)
(ii) or 60"

(ii) Centesimal system
1 right angle = 100grades (i) or1 008

18 = 100 centesimal minutes
1right angle = 90° = 1008

(i)
(iii)
(iii) Circular system

The unit of measurement of angles in this system is a radian. A radian is the angle subtended at the
centre of a circle by an arc whose length is equal to the radius of that circle
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and is denoted by 1€.

circumference
diameter !
miis a Greek letter, pronounced by —pil .Two right angles =180° = 2008 = m°

1 radian = % right angle.

]
NOTE :(i) Angle subtended by an arc length lis 0 = r
(i) The angle subtended at the centre of a circle in radians is 21 radians

Trigonometric Ratios

Let XOX‘ and YOY* be two axes of co-ordinates i.e. x-axis and y-axis respectively. These two axes
intersect perpendicularly at the point _O°, named as Origin.

In x-axis, OX and OX* are nown as positive and negative .

X-axis respectively. Similarly, In y-axis, OY and OY* are T

nown as positive and negative Y-axis respectively. Now, I I
27 Quadrant 1%t Quadrant

both the axes divide the XY-plane into four equal parts

called_quadrants‘. (i) XOY is called 1" quadrant. X'+ 5 —X
(i) X‘0OY is called 2™ - -
quadrant.. 3« Quadrant | 4 Quadrant
(ii) X0Y* is called 39 %
quadrant.
(iii) XOY* is called 4" Flg-21
quadrant.

1. The ratio of the perpendicular to the hypotenuse, is called —sine of the angle 6l and it is

written as sin @ .
Perpendicular _ PM

sing = hypotenuse oP
2. The ratio of the base to the hypotenuse, is called —cosine of the angle 6l and it is written as
cos@.
Base PM
. C0sf = =—
1.e. Hypotenuse oP
3. The ratio of the perpendicular to the base, is called —tangent of the angle 8l and it is written
astan@.
tan 6 = Perpendicular _ PM

ie. Base T oM
4. The ratio of the hypotenuse to perpendicular, is called —cosecant of the angle 8l and it is

written as cosec @ .

hypotenuse OP
cosec§ = —PTRE _ ZE
1.€. Perpendicular PM

5. The ratio of the hypotenuse to base, is called —secant of the angle 6l and it is written as sec 8

Hypotenuse _ OP

ie. secO = Base oM.
6. The ratio of the base to perpendicular, is called —cotangent of the angle 8l and it is written as
cotd.
Base oM
ie. cotd = Perpendicular W

Notes :
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i. All the above six ratios are called trigonometrical ratios (T-Ratios). ii.

1
cosect) = sing . Or, sin B and cosecé@ are reciprocal ratios.
1
sect = . .
cos@, Or, cos 0 and sec@ are reciprocal ratios.
1
cotd = . .
tané, Or, tan®f and cot 8 are reciprocal ratios.

iii. For angle measure /2, we define
. s s s s
sin- = 1,cos; = 0,cot5 =0, cosecy = 1,

T T
tan— sec—
2 and 2 are not defined.

. I n T m
sin—,cos=,cot=,cosec= : . . . . . .
27 T2 e 2 are not defined as ratios of sides. So instead of using trigonometric

ratios, we use a more general form for them, called as trigonometric functions, in due course. For the
same reason we do not use the term trigonometric ratio for
sin0,co0s 0, tan0and sec0.However we define

sin0=0,cos0=1,tan0= 0 and secO= 1.

Trigonometry Identity
@) sin%0 + cos?0 =1
(i) sec’8 —tan’6 =1
(ii) cosec?8 — cot’0 =

Note: All the above relations/identities hold good for any value of &. i.e. these identities are
independent of the angle(8). i.e. whatever may be the angle, the relations are true.

. 2 205 _
Example : sin?x + cos?x = 1, cosec’a — cot?a = 1, sec*f —tanf =1 ¢

Some Solved Problems

sin@ 1+cos@
Q.1: Prove 1+cos8 sin@

Proof:

= 2 cosect

sin@ 1+cos8
LHS =1+cos6 sin@
__ 5inB.sinf+ (1+cosd)(1+cos@)
- (14cosB)sin@

__ sin?8+ (1+cosf)?
(14+cos@)sind
_ sin?0+ 1+c052(?+20036 [« sin?0 + cos26 = 1
(1+cos@)sing
_ 1+1+42cos6
" (1+cos8)sind

= 'LB = 2cosecd = RHS

sin

1 1 2
— — = 25ec“x
Q-Z: Prove 1-sinx = 1+sinx

Proof:

1 1
LHS= 1-sinx = 1+sinx
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1(1+sinx)+1(1-sinx)
(1-sinx)(1+sinx)

1+sinx+1-sinx

=————— [~ (a—b)(a+b)=0a*-b?]

1-sin?x
2
= osix [~ 1—sin?x = cos’x
= 2cosec?x=RHS
(cosec 6 — cotf)? = 1-cosf
Q-3: Prove 14cosé
Proof:
LHS= (cosec 8 — cot8)?
_( 1 cosf?)z
~ \sino sinf
_ (1—6056)2
- sin8
— (1—cos6)? [+sin?8=1-cos?8=(1-cosB)(1+cosH)|
(1—cos8)(1+cos)
__ 1-—cos@
" 1+c0s6=RHS
cosecB cosecd 2
Q-4: Prove cosec6-1 ' cosec8+1 2sec”d
Proof :
cosec@ cosecl

LHS = cosec6-1 ' cosecf+1
__ cosecB(cosec8+1)+cosecl(cosecf—1)
- (cosec8-1)(cosecf+1)

__ cosec?8+cosecf+cosec?f—cosectd

cosec?0-1
2cosec?6 2 sin?@ 2
T cot2@  sin2@ "cos?® Zsec BZRHS
1+siné
= secf + tanf

Q-5: Prove \ 1—siné

Vv Vv Vv v

Proof: LHS=
, 2 , ,
_ 1+sm9) __1+sin@ _ 1 sin _
- ( cos@ " cos@  cos@  cos sect + tand _RHS

tanx cotx
= secx.cosecx + 1
Q-6: Prove 1-cotx = 1-tanx
Proof:
tanx cotx

LHS= 1-cotx ' 1-tanx
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__sinx 1 cosx 1
cosx 1-2% © sinx 13X
sinx cOSX
__ sinx 1 COSX 1
coSx sinx—cosx sinx cosx—sinx
sinx cosx
sin’x cos’x

" cosx(sinx—cosx) N sinx(sinx—cosx)
v sindx — cos3x,a® — b3 = (a — b)(a® + ab + b?)
= (sinx — cosx)(sin’x + cos?x + sinx cosx)
= (sinx — cosx)(1 + sinx.cosx)

sin®x—cos®x
sinx cosx (sinx—cosx)

__ (sinx—cosx)(1+sinx.cosx)

T sinx cosx (sinx—cosx)

1
————+ 1 = secx cosecx + 1:RHS

sinx cosx

sec6—-tanf
Q-7: Prove secf+tand

Proof:

secf—-tand
LHS:sec6+tand
__secB—tanf secd—tand
" sec@+tan®  secO—-tan@

=1 — 2sec.tand + 2tan?6

(sec@-tand)? 2 2
= ec0—tan’f [+ sec®B — tan“6 = 1]

(secO—tanB)?
=—

= (1 + tan?6) + tan?6 — 2sech. tand
= 1— 2secB.tand + 2tan’*6=RHS

Q-8: Prove that sin®0 — cos®0 = (sin?6 — cos?0)(1 — 2sin6. cos?6)
Proof:
LHS=sin®0 — cos®8
= (sin*0)? — (cos*6)?
= (sin*@ — cos*8)(sin*6 + cos*8) [As a* — b? = (a — b)(a + b)]
= {(5in%8)? — (cos?0)*}{(sin?0)? + (cos?8)?}
= (sin0 — cos?0)(sin?6 + cos?0){(sin%6 + cos?8)? — 2sin*Hcos?6}
[ a? + b? = (a + b)? — 2ab and sin®6 + cos?8 = 1]
= (sin?0 — cos?0)(1 — 2sin®6cos?6) —RHS

Notes: ASTC-Rule ITTOUIL. e—
i. In 1* quadrant, all T-ratios are +ve. ii. In 2nd quadrant,
sine is +ve and all others —ve S A
iii. In 3rd quadrant, tangent is +ve and all others —ve. iv. In 4th " X
[¢]

quadrant, cosine is +ve and all others —ve.
v. The sign of any T-Ratio in any quadrant can be recalled by
the words _all-sin-tan-cos‘ or _add sugar to coffee and 3rd Quadrant | 4th Quadran

ASTC - Rule

T &
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this rule is known as _ASTC-Rule‘. Whatever is written in a particular quadrant, this T-ratio
along with its reciprocal are positive and all other ratios are negative.

Trigonometric Ratio of Selected Angles
The values of T-ratios for some selected angles like 0,30,45,60, 90 are given below..

Angles L1 0 30 45 60 90
sin @ 0 1 i V3 1
V2 o
cos 6 1 V3 1 1 0
2 V2 2
tan @ 0 1 1 undefined
V3 V3
cotd undefined 1 1 0
V3 V3
sec@ 1 i 2 undefined
V3 V2
cosec @ undefined 2 i 1
V2 V3

Some Solved Problems

5c05260° + 4sec?30” — tan?45°
Q-1: Find the value of 5in?30°+ cos230°
Sol:

Using the trigonometric values,

) 12 2\2
5c0s260° + 4sec?30" — tan?45° 5(3) +4(ﬁ) -1
sin230° + cos230° - (1)2+(\@)2

2 2

cot45°
Q-2: Find the value of v1-cot260°Sol:
1

As we know that, cot45= 1and cot60 = V3

.
v

Therefore, v Voo v/

Limits of the values of T-ratios:
1. =1 <sinf <1, and -1 <cos@8 <1
i.e. the minimum values of both sine and cosine of angles are | |1
and maximum values of both sine and cosine of angles are [ /1.
2. cosec 8 and sec € each cannot be numerically less than unity,
i.e. =1 = cosec B orcosecd = 1land —1 = secBor sect =1
3. tan#f and cot# can have any numerical value, tan€ € R and cotf € R.

Some Solved Problems
Q-1: Find the maximum and minimum value of 5 sinx + 12 cosx.
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Sol:
Let5 =rcosa and 12 = r sina.
By squaring and adding,
52+ 122 = (rcos ) %, (rsin )2
= 25+ 144 = r%(cos *a + sin?q)
=169 =r %1=1?
=1r=13
expression
can be

Now, the given
I COS cosx  5sinx + 12 cosx
cosa + cosx= r(sinx sina reducedtoa o
(x+a)=13 =rsin sin(x

sinx 4+ rsin

)
+a)
We know that the minimum and maximum values of sin & are -1 and 1 respectively, i.e.

—1<sinf8 <1

Therefore —-1<sinx+a)<1
Or,—13 = 13sin(x + a) < 13

Hence, the maximum and minimum values of 5sinx + 12 cosx are 13 and —13.

Q-2: Find the maximum value of 2 + 3sinx + 4cosx.
Sol:
Let 3 = rcosa and 4 = rsina
So, 7 =v3%2+42=5
Now, 3sinx + 4cosx =rcosasinx + rsina cosx
= r(sinx cosa + cosx sina) = 5 sin(x + a)
We know that, the maximum value of sinf =1
"] Maximum value of sin(x + a) =1
= Maximum value of 5 sin(x + @) =5.1 =5
= Maximum value of 2+ 5sin(x +a) =2+5=7

Values of T-ratios of allied angles
1. T-ratios of (—8) in terms of 0, for all values of 6.

Let OX be the initial line. Let OP be the position of the radius vector after tracing an angle &

in the anticlockwise sense which we take as positive sense. Let OP be the p
radius vector after tracing () in the clockwise sense, which we take as negative

0X will be taken as (‘ 6). Join PP . Let it meet OX at M.
Here, AOPM = AP OM , POM =—-6,0Pp=0P, PM

. PM _ —PM .
Now sin(—0) = = op = —sinf
cos(—0) = % = % = cosf
tan(—8) = % = % = —tanf
Similarly,
cot(—0) = % = % = —cotf
sec(—0) = % = secO
cosec(—8) = % = % = —cosec 0
Example:

osition of the
sense. So £P

-PM
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sin(—60") = —sin 60" = _V’;
cos(—30°) = co0s30 = g
tan(—45°) = —tan45 = —1

T-ratios of (90 — €) in terms of 8, for all the values of & Let OPM be a right angled
triangle with £ POM = 90°,
£OMP =0, £OPM =90°- 6
. o _ oM _
5in(90° - gg =T = €0 e
cos(90°- @) = oy = Sin 0

o _ oM
tan (90°- 9) = oF = cotf
cot(90 — 8) = +tané

sec(90 — 8) = + cosecd
Similarly,

cosec(90 — @) = +secd
Here, the angle 8 and 90 — 0 are called complementary angles and each of the angle is called
complement of each other.

Example:

sin(90"—30") = +cos30 =
cos(90° — 60°) = +sin60" =
tan(90_ 45) = +cot45_ 1

T-ratios of (90° + 8) in terms of 0, for all the values of @
Let £POX = 6@ and 2P 0X = 90 + 6. Draw PM and P'M' perpendiculars to the Xaxis.
Now APOM =A P'OM'
~P'™M'=0OM and OM' = -PM
P

i ° _PM_PM _
Now sin(90° + 9) = P = OF cos6@

5 _OM _ -PM _ .
cos(90°+8) = 7 = o = sin@

o _PM _-oM _
tan(90°+ 0) = o cot@

cot(90° + 0) = —tané
sec(90° + 8) = — cosec @
Similarly,

cosec(90° + ) = +secd
Examples:

Y4

AP

M g M

Ein 2 10
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sin120° = sin(90° + 30°) = + cos 30° = ?

cos 150° = cos(90° + 60°) = —sin60° = —
tan 135° = tan(90° 4+ 45°) = —cot45° = —1
sec 150° = sec(90° + 60°) = —cosec60® = —

E
2

2
V3
Similarly, the values of T-ratios for following allied angles can also be proved.

4, T-ratios of (180° — 6) in terms of 6,
sin(180° — @) = +sin@

cos(180° — 8) = —cos 8
tan(180° — 0) = —tan @
cot(180° — 8) = —cot @
sec(180° — @) = —secd
cosec(180° — @) = + coseco
for all the values of 8

Here, the angle 6 and 180° — 0 are called supplementary angles and each of the angle is

called supplement of each other. Examples:

c0s 150° = cos(180° — 30°) = — cos 30° = _\/75

sec120° = sec(180° — 60°) = —sec60®° = —2
cot135° = cot(180° — 45°) = —cot45° = —1

5. T-ratios of (180° + ) in terms of 6,
sin(180° + #) = —sin @

cos(180° + 0) = —cos @
tan(180° + 0) = +tan @
cot(180° + 8) = +cotB
sec(180° 4+ 6) = —secé@

cosec(180° + 8) = — cosecq
for all the values of 8

Examples:

sin210° = sin(180° + 30°) = —sin30° = —%
o __ [ oy — __ L — _i

cos 225° = cos(180° + 45°) = —cos45° = 5

tan 240° = tan(180° + 60°) = + tan 60° = /3

T-ratios of (270° — 6) in terms of 6, for all the values of 8




cos(270° — 8) = —sind
tan(270° — 8) = +cot @
cot(270° — 0) = +tanf
sec(270° — @) = — cosecf sin(270° — 6) = — cos 0

cosec(270° — 8) = —secH

Examples:

sin210° = sin(270° — 60°) = — cos 60° = —%

05 240° = cos(270° — 30°) = —sin30° = —%
tan 225° = tan(270° — 45°) = 4+ cot45° = +1

7. T-ratios of (270° + 0) in terms of 6,
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sin(270° 4+ 8) = —cos 8
cos(270° +6) = +sind
tan(270° + 6) = —cot @
cot(270° + 6) = —tan @

sec(270° 4+ 8) = + cosecy
for all the values of 0

cosec(270° + 0) = —sec@
Examples:

= ° — . o o — [ _i
sin315 =sin(270° + 45°) = —cos45° = 75
300°= (270° 30°) =sin30 = "
cos cos + 3
cot 330" = cot(270° + 60°) = —tan60" = —/3

8. T-ratios of (360° — 8) in terms of 6,
sin(360° — #) = —siné

cos(360° — 0) = +cos @
tan(360° — 0) = —tan @
cot(360° — 0) = —cot @
sec(360° — @) = +secH

cosec(360° — 8) = — cosecq
for all the values of 8

Note: T-ratios of (360° — @) and those of (—0) are the same. Examples:
sin330° = sin(360° — 30°) = —sin 30° = —%
sec300° = sec(360° — 60°) = sec60° = 2

cosec315 = cosec(360° — 45°) = —cosec45° = —/2

9. T-ratios of (360° + 8) in terms of 6,
sin(360° + ) = +siné

cos(360° +08) = +cos@
tan(360° + 8) = +tané
cot(360° + 0) = +cotd
sec(360° +6) = +secé
cosec(360° + 8) = + cosecy
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for all the values of &

Note:
1. T-ratios of (360° + 8) or (27 + 6) and those of @ are same.
T-ratios of (n X 360° + 8) where n = 1,2, 3, ... also will be the same as that of 6.
3. In general, sin(nm + 68) = (—1)"sind
cos(nt + 0) = (—1)"cosd
tan(nm + 8) = tanf

n-1
sin (n% + 6) = (—1) z cosO

N

4. Similarly,

n+1

) =(=1): sind
) = —cotf

m

cos (n > +0
m

tan (nf +6 , Wwhere n is any odd integer

Some Solved Problems

Q-1 : State cos302” is positive or negative.

Sol:

cos(3 X904 32) = sin32 . sin32 lies in 1* quadrant, and by ASTC rule, all T-ratios are

positive in 1* quadrant. So, cos 302 is positive sign.

Q-2 : Find the value of sin1230°.
Sol:

sin1230= (sin3 X 360 4 150 ) = sin150
= sin(180— 30) = sin 30=1/2

Q-3: Express sin 1185 as the trigonometric ratio of some acute angle.
Sol:

sin 1185 = sin(13 x 90+ 15)
=(=1)"z cos15°= (—1)®cos15° = cos15°

Q-4 : Find the value of logtanl7° + logtan37° + logtan53° + logtan73°

Sol:

log 17 logtan37 4+ logtan53 + logtan 73 tan +
= tanl7 tan37 tan log 53 73tan
F 17 tan37 tan ) tan(90 - 17logtan (90— 37)
= 17 tan37 cot  cot logtan37 17
cotl7 =1 and tan37 cot37 = 1]

cos(90°+8) sec(—0)tan(180°-6) 1
Q-5: Show that sec(360°-0)sin(180°+8)cot(90°-6)
Proof:

cos(90°+8) sec(—0) tan(180°—-0) _ —sind . secd (—tanf) _ _1

LHS= sec(360°-0) sin(180°+8) cot(90°-0) T secd (—sin@) tané
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Even Function
A function /(%) is said to be an even function of x, if f(—x) = f(x),
Examples:
1. Let f(x) = cosx then f(—x) = cos(—x) = cosx
O f(x) = f(=x) =cosx,
Hence, f(x) = €OS X is an even function.
2. Let f(x) =sinxtanx
then f(—x) = sin(—x) tan(—x) = (—sinx)(—tanx) = sinx tanx
[ f(x) =f(—=x)=sinxtanx
Hence, f (x) = sinx tanx is an even function.
3 Let f(x) =1+ x*+ cot? X,
then f(=x) = 1+ (—=x)* + {cot(=x)}* = 1 + x* + (— cot x)?
=1+4+x*+cot’x
Jf) =f(—x)=1+x*+ cot?x
Hence, f(X) = 1+ x* + cot® x is an even function.
4. Let f(x) = cos2x
Then, f(—=x) = cos2(—x) = cos2x = f(x) [Ascos(—g) = cosp]
So, f(x) = c0s2x s an even function

Odd Function
A function /(%) is said to be an odd function of x, if f(=x) =~ f(x)
Example:

1. Let f(x) =sinx then f(—x) = sin(—x) = —sinx = —f(x)
So, f (x) = sinx js an odd function.

2. Let f(x) =tanx then f(—x) = tan(—x) = —tanx = —f(x)
So, f(x) =tanx s an odd function.

3. Let f(x) =x®+ cosecx,
Then, f(=x) = (—x)3 + cosec (— x) = (—x%) + (—cosec x)

= —(x3 + cosec x) = —f(x)

Hence, f(x) = x% + cosec x is an odd function.

4. But, Let f(x) =sin3x+5
Then, f(—x) = sin(=3x) + 5 = —sin3x + 5
Here, f(—X) expressed neither as f (X) nor as = f (X)),
Hence, f (x) = sin3x + 5 i neither an odd function nor an even function.

Theorem-1: (Addition Theorems)
(i) sin(A + B) = sinA cosB + cosA sinB

cos(A + B) = cosA cosB — sinA sinB (i)

. __ tanA + tanB
(i) tan(A+ B) = P m——
. cotAcotB -1

(IV) COt(A + B) ~ cotB + cotA

Theorem-2
(i) sin(A— B) = sinA cosB — cosA sinB
(ii) cos(A—B) =cosAcosB+ sind sinB

tanA—-tanB
('") tan(A a B) 1+ tanA tanB

The above theorems can be proved, by replacing B with /B in theorem-1.
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Theorem-3

tanA + tanB + tanC - tanA tanB tanC
tan(A+B+C) =

1- tanA tanB - tanB tanC- tanC tanA , forA,B,C € R

Theorem-4

(i) sin(A+ B)sin(A — B) = sin*A — sin’B = cos’B — cos”A
(i) cos(A+ B)cos(A— B) = cos?A— sin’B = cos’B — sin*A
Some Solved Problems Q.1:

Find the value of cos 15°.

Sol:
cos15= cos(45 — 30 ) = cos45 ¢ps30 + sin4d5 sin30

- GO
1

Q-2: Find the value of cos50° cos40° — sin50° sin40°.
Sol:
c0s50 cos40 — sin50 sin40 = cos(50 + 40) = cos90=(0  [Use cos(4 + B))

. _1 -1
Q-3' If tan A = 2 and P98 = 3, find the value of tan(4 + B),
Sol:

1 1
tanA+tanB _  Zt;  5/6

tan(A + B) = 1-tanAtanB - 1_6)(%) - 5/6 =1

We know that,

c0s9° + sin9°
Q-4: Prove that cos9° - sin9°

Proof:

= tan54

cos9  sin9

_c0s9°+sin9° _ oostoes
LHS = cos9°-sin9° ~ <059 _sn9*(Dividing throughout by cos9)

€0s9° ¢0s9°

1+tan9® tan45°+tan9°®
= - = —— [~ tand5° =1]
1-tan9 1-tan45°tan9

= tan(454+9) = tan54 _RHYS

Q-5: Prove that Sind sin(B — C) + sinB sin(C — A) + sinC sin(A—B) =0

Transformation of a Product
into a sin(A + B) + sin(A — B) = 2sinAcosB gy or Difference, and Vice-versa
0 sin(A + B) —sin(A— B) = 2cos AsinB
(i) cos(A+ B) +cos(A—B)=2cosAcosB
(iii§) cos(A+ B) —cos(A— B) = — 2sin Asin
(iv) B
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sinC + sin D = 2 sin (CJ;—D) cos (C;—D)
sinC —sinD = 2 cos (C;—D) sin (C_Z—D)
cosC + cosD = 2 cos (%) cos C_Z—D)
cosC —cos D = — 2sin % sin (C_Z—D) = 2sin (%) sin (%)

Some Solved Problems

Q-1 : Prove thatsin50° — sin70° + sin10° = 0.

Proof:

L.H.S= sin50 — sin70 + sin10
= sin(60°— 10°) — sin(60°+ 10°) + sin10°
= —2c0s60°sin10° 4+ s5in10° (~ sin(A — B) — sin(4 + B) = 2cosA sinB)
= —2 x5 sin10°+ 5in10°

= —sin10+ sin1l0= 0 =RHS

Q-2: Prove sin 10+ sin 20+ sin 40+ sin 50= sin 70+ sin 80
Proof:

LHS = sin 10+ sin 20+ sin40+ sin 50= sin 70+ sin 80

= (sin10" +sin50") + (sin20" + sin40")

— 7sin (10 :50 )cos (10 ;50 ) + 2sin (20 ;,40 )cos (20 ;40)
= 25in30 cos20” + 2sin30 cos 10’

= 2sin30° (cos 20" + cos 100)

=2 %(cos 20"+ cos10°)

= 0520 4 cos10°

=cos(90" —70") + cos(90" — 80")

= cos 70+ cos 80=RHS

cos7a+cos3a—cos5a—cosa

= cot2a
Q-3: Prove that sin7a—sin3a—sinsa+sina
Proof:
. __ cos7a+cos3a—cos5a—cosa
LHS. sin7a—sin3a-sinsa+sina

__ (cos7a+cos3a)—(cos5a+cosa)

T (sin7a—-sin3a)—(sinSa—sina)

7a+3a 7a-3a sata S5a-a
ZCDS(f)COS(#)—ZCDS( . )COS( 2 )

: 2
- 7a+3a . Ta—34 sa+a . Sa—
2cos — sin — —2cos 2 sin 2

__ 2cos4a cos2a-2cos3a cos2a
" 2cos4a sin2a-2cos3a sin2a

__ 2cos2a(cos4a—cos3a)

~ 2sin2a(cos4a—cos3a)

__cos2a _ cot2a =
T sinza “ RHS

Q_4: If sinA = KsinB, Prove that tan%(A -B) = g—: tan%(A + B).
Proof:

Givensind = KsinB
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sinA _ K
sinB 1

sinA—sinB _ K-1
sind+sinB = K+1
A+B A-B

2 cos—— sinT K—1
—A+B __A-B
2 sin=—— cos— K+1

= cot B iani=E = k=1
cot—-lan—=- =11
1 K-1 1
= tanE(A —B) = Py tanE(A + B)
Q-5: If A+ B + C = m, Prove that sin2A4 + sin2B + sin2C = 4sinAsinBsinC.
Proof:

L.H.S.=sin2A + sin2B + sin2C
= (sin2A + sin2B) + sin 2(

=2sin(A+ B)cos(A— B)+2 cosC

= 2sinCcos(A—B)+ sinC 2 cosC:A+B =mn—C sin(4 + B) = sin(r — C) = sinC L]
= 2sinC {cos(A— B) + cosC}

= 2sinC(cos(A — B) — (A cos+ [ = cos{m — (A + B)} = —cos(4 + B)]

= 2sinC (2sind sinB)

= 4sinA sinB sinC = RHS

Compound, Multiple and Sub Multiple Angles

Multiple and Sub Multiple Arguments : For an argument (variable)8 usually 26, 36etc.

are called its multiples and €/2, /3 etc. are called its sub multiples. For arguments
6and ®,0 + @, 6 — @ are called the compound arguments.

Theorem-1

(i) sin2A = 2sinA cosA

(i) cos2A = cos?A — sin?A = 2cos*A—1=1-2sin* A
2tanA

[ _ . I_r
(ili) tan2A4 = Ery— A+ (2n+1) >

Theorem-2

(i) sin3A4 = 3sindA — 4sin3A
(ii) cos3A = 4cos3A —3cosA
(iii) tan34 = ZT0OLS

1 - 3tan?4
Proof:
(i) sin3A = sin(24 + A) = sin2A cosA + cos2A sinA
= (2sinA cosA )cosA + (1 — 2sin*A)sinA
= 25ind cos?A + sinA — 2sin3A
= 2sinA(1 — sin?A) + sind — 2sin®A
= 3sind — 4sinA
(ii) cos 34 = cos(3A + A) = cos2Acos A —sin 2Asin A
= (2cos?A—1) cosA — (2sinAcos A) sinA
= 2c0s3A — cos A — 2 sin®Acos A
= 2cos3A —cosA—2 (1 —cos?A) cos A
= 2cos3A —cosA — 2 cos A+ 2 cos3A
=4 cos®A—3cosA
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_ __ tan2A +tand
(iii) tan 34 = tan(24 + 4) = I-tanzatand

( ztan4 )+tanA

- 2tan A
(1— tanzA) tanA
__ 3tanA-tan’4

1-3tan?A

Note : ReplaceA by A/2 in Theorem-1, the followings can be proved.
. ; . A A
(i) sind = ZstnE cos

. A . 54 A A
(i) cosA = cos? = sin*= = 2cos? ;- 1=1- Zsmzi

2
Ztan’;
(iii) tand = =
1—tan25
Note : Replaced by A/3, in Theorem-1, the followings can be derived.
. . ., 0 . ]
(iv) sind = 3stn§ — 4sin3 3
0 0
(v) cos@ = 4cos? 3~ 3cos3
. 3tan§—tan3g
(vi) tand = 5
1—3tan2§
Some Solved Problems
cotA—tanA
——FF = cos2A.
Q-1: Prove that cotA+tana
Proof:
cosA sinA cos2A-sin2A
cotA—tanA _ sinA cosA  _ __sinAcosA
cotA+tanAd COSA_l_ﬂ cosZA+sinZA
LHS: sinA * cosA sinA cosA
cos?A-sin?A sinA cosA
= — - = cos2A =
sind cosA cos2A+sin2A RHS
cot A _ sinA
Q-2: Prove that 2 1-cosA
Proof:
A A A
sind Zsinzcos; cos> A
= = =3 = cot— =
R.H.S 1-cosA 2sin?= sin= 2 LHS
2 2

Q- 3: Prove that cotA — cosec2A = cot2A
Proof:

cosA 1
= cotA — cosec2A = -
L.H.S sinA  sin2A
__ cosA 1 __ 2cos*A-1
" sinA 2sinA cosA  2sinA cosA
cos2A
= = cot2A
sin2A

Q- 4: Find the value of sin20 (3 — 4cos*70)?
Sol:
sin 20 (3 — 4c0s?70) = sin20[3 — 4cos?(90 — 0]
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= sin20 (3 — 4sin?20)
= 35in20 — 4sin320
= sin(3 x 20°) = sin60° = 2

64 winbAd — _1 .2
Q- 5: Prove that cos®A — sin®A = cos2A (1 L Sin ZA)
Proof:
LHS = c0s®A — sin®A = (cos?A)? — (sin%4)?
= (cos?A — sin®A)(cos*A + cos?A sin*A + sin*A)
= cos2A{(sin?A)? + (cos?A)? + sin®A cos*A}
2 A\2 2 A\2 2 2
— cos2A {(sm A)‘ + (cos*A) +.25m A cos A}
—2sin?A cos?A + sin®A cos?A
= c0s2A{(cos*A + sin?A)? — sin*Acos*A}
= cos2A{1 — (sin A cos A)?}
2
= cos2A {1 — (l. 2sinA cosA) }
2

_ _1 .2 _
= cosZ2A (1 L Sin ZAJ =RHS
Q- 6: Prove that sin50 — sin70 + sin10= 0
Proof:
LHS = sin50 — sin70 + sin10
= sin(60 — 109 ) —sin(60 + 10 ) + sin10
= —2603160 sinl10+ sinl10
=-2x 3 sin10° + sin10
= —sinl10+ sin10= 0 =RHS

INVERSE TRIGONOMETRIC FUNCTIONS

Before starting about inverse trigonometric function let‘s briefly discuss about what is inverse of any
function. Corresponding to every Bijection (one-one and onto), f:4 = B, there exists another
bijection. It means if we interchange the domain and range of fand let the new fuction denoted by 9
which will be given by 9: B = A defined by 9(¥) = X if and only if f(*) =¥. So 9: B = Ajs called
as the inverse of /14 = B denoted by /f -

A ! B B & A

| > a d > ]

2 =~ b b > )

3 C c 3
Fig 2.12 Fig2.13

. . . ) . 1 ... .

A function f: 4 = Bis invertible it means f ~ exists if it is one-one and onto. Consider the case of
trigonometric functions. In case of sine function: Sin: R = [=1.1] But sin 0 = sinm =0where 0 # 1
. Thus sine function is not bijective in the domain R.
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Properties of Inverse Trigonometric Functions 1. Self
adjusting property:
@)sin~'(sin0) = 6
(iiycos (cos@) = 6
(iii)tan_l(tanﬂ) =60
Proof: (i) Let siné = x, then 8 = sin”'x,
~sin~(sinf) =sin"'x =46 (Proved)

Similarly, proofs of (ii) & (iii) can be completed..

2. Reciprocal Property:
11 1

cosec ' —-=sin""x..
x ii.
11 _
sec’1-=cos1x..
x iii.
11 _
cot™?! ~=tan 1x
Proof:
(i) Let sin"'x =6, = x = sinf
1 1 41
= — - = = -
Then, cosecl pr i @ = cosec .
- 11
=sin"!x and 8 = cosec™1 -
Hence, x,
sin~1x = cosec™12
Therefore, x
- sin~!

— -11
X = cosec x(Proved)

Similarly (ii) and (iii) can be proved.

3. Conversion property:
(i) sin"lx=cos1v1—x2 =tan" 1=

1-x2
1=v2
(i) cos™lx=sin"1V1— a2 = tan™! lxx
Proof:
(i) Letd = sin~' x so that sinx =@
Now cosf = V1 — sin26 = V1 — x2
tang =22% = _X
ie. 0= cos‘W}c —x2 T cos®  Vi-x2
— tan-1
or, 8 = tan i
— cin~—14 — 1.1 — +2 — -1__ %
Thus, g =sin™" x = cos 1—x tan e (Proved)
Similalr (ii) and (iii) can also be proved.
4. Theorem — 1:
0) sin"'x +cos lx=m/2
i) tanlx+cot"lx=m/2
(iii) 2 sec 'x+ cosec™lx =m/
Proof:

(i) Let sin™'x = @,

= x = sinf = cos(nw/2 — 6)
scos'x=n/2—-0=m/2—sin"1x

= sin™' x + cos™' x = m/2 (Proved) Similarly

(i1) and (iii) can also be proved.
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tan"'x +tan 'y = tan™?! (x—+y)

5. Theorem —2: If XY < 1, then 1-xy

Proof:
Let tan™lx = @, andtan™'y = 0, then
x =tané; and y = tan 6,

__ tan6;+tané,

NOW’ tal’l(91 + 92) ~ 1—tan 6, tan 6,
+

= tan(f; + 6;) = lx_xJ;,

= (6, + 6;) = tan™! (%)

x+y )
1-xy/(Proved)

=tan"'x +tan"ly = tan~! (

tan"lx —tan 1y = tan™1 (=2
6. Theorem —3: Y (1+xy)
Proof:

Lettan™'x = 6; andtan™'y = 6,

thenX = tan6; and y = tan 6; Now,

_ _ _ _1  x+y+z-
tan"!x +tan"'y +tan~1z = tan 1(M)
1-xy-yz—zx

2tan"lx = tan™! :iz if x| <1
tan(@, — 6;) = ﬂl;le—m
= tan(6; — 0,) = ;:3;
= (6; — 6;) = tan™! (::3;)
=tan"'x —tan"'y = tan™" (:;J;)(Proved)

7. Theorem — 4:

(i) 2sin~tx =sin~![2xV1 - x2|
(ii)) 2cos™1x=cos™! 2x%2 -1
Proof :
(i) sin”" x = 6, thenx = sin @
. sin20 = 2sin@cos@ = 2sinfy/1 —sin? 0 = 2x/1 — x?2
= 26 = sin~12xV1 — x2
= 2sin"lx = sin~! ZxM(Proved)
(ii). Let cos™' x = 0 then x = cos 0
= c0s20 = 2cos?0 — 1
= c0s260 = 2x% -1
=260 =cos '(2x*—-1)
=2cos lx =cos~1(2x 2 — D (Proved)
8. Theorem-5:

1
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(i) 3sin7lx =sin"1(3x — 4x3)

(i) 3coslx= cos‘l(Sx - 4x3)
3

sms -1 _ -1 3x—x
(iii) 3tan " x =tan T3
Proof:
(i) Let sin~'x = 6, = x = sin@
We know that,

sin360 = 3sinf — 4sin36
= sin 30 = 3x — 4x3
= 36 = sin”*(3x — 4x 3)
= 3sin”'x = sin~!(3x — 4x?)
Similarly, (ii) and (iii) can also be proved.

9. Theorem-6:
(i) sin"x +sin"1y = sin~! (x\/ 1—y2+yV1— xz)

1

(i) cos™'x+cos 'y =coslxy—V1—x% . /1—y2

(iii) sin"'x—sin"'y =sin~1(x/1 - y2 — yv1 —x2
y ye=Jy

(iv) cos'x—cosly=cos7!(xy+v1—a% . /1-y2
y y y

Proof:

(i) Let Sin"'x = 01, and sin"'y = 6,
Then, X = sinf; and y = sin 8,

~ sin(@, + 63) = sin 6 cos 0, + cos 6, sinb,
= sinf;y/1 — sin?6, + V1 — sin?6, sin 6,
=xJ1—y2+ yV1—«x2
=60, +6, =sin"! (x\/l —y2+ 941 —xz)

=sin"'x +sin"ly = sin‘l(x,/ 1—y2+yVl-— xz)

Similarly, others can also be proved.

10. Theorem — 7
G) sin~1(—x) = —sin"1x
(i) cos™1(—x) = — cos™ x

tan 1(—x) = —tan™1x
(i)
Proof:
(i) Let-x=sing, = 6 =sin~'(—x) (1)
Since, -x =sin@,
= x = —sinf =sin(—0)
= —0 =sin"x @)
From eqn. (1) and (2), Sin”" (=x) = —sin™'x (Proved)
(i) Let -x = cos§, = 6 = cos™'(—x) 3)

Since, —x = cos @,

= x = —cos @ = cos(m — ) 4)
=T — 6 =cos™'x From eqn. (3) and (4), €05 ™' (=x) = m — cos~'x

(iii) Let -x = tan g, = 6 = tan™'(—x) (%)
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Since, -x =tan@,
= x = —tan8 = tan(—0) (6)

= =0 =tan™'x  prom eqn. (5) and (6), tan~ (=x) = —tan"1x

Some Solved Problems:
Q- 1: Find the value of €COS tan~! cotcos~1+/3/2

Sol:
cos tan~! cotcos™1! \/§/2
= costan~! cotcos™! cosm/6 -11 -11_17
-1 / Q-2: Prove that tan="g +tan= 5 =7
= costan” ' cotm/6 Proof
roof:
tan~'tan( /2— /6) cos VN 11 41
) =cos(nr/2—-mn/6 LHS™ tan™" > +tan™"3
=sinw/6=1/2
= tan~! i [ tan~'x + tan~ly = tan™?! (x+y )]
1—x2 1-xy
_ -1(_5/6 \ _ —1(5/6) _ -1 _T_
= tan (1_1/6) = tan (5/6) =tan"'(1) = 2~ RIS
in-1% 4 sin~12 = cos—118
Q-3: Prove that sinCgtsin oy =cos oy
Proof:
LHS = sin™ 12 + sin~?
- v cin—1 =1
I i\/l_(i)2+i\/1_(i)2 s sinT T x +sinTy
5 13 13 5 = sin‘l(x\/l —y2+yV1— xz)
=sin 2 1-2+2 1 —1—6}
5 169 = 13 25
—sin [Ex 24 £
= sin _5x13+13><5
2
_ -1 (63Y _ -1 _ (83" _ -116 _
= sin ( ) = oS 1 (65) cos™  — RUS
-11 _pqn-13
Q-4: Prove that 2tan 3= tan g
Proof:
—. -1 2x
We know that 2tan™"x = tan (1—x2)
2x%
2tan™12 = tan™1 i) =tan™?! (E) = tan~13 =
3 1_(1) 8/9 4
O 3 RHS
in—112 -14 -18 _
Q-5: Show that St 3 +cos 5 +tan T
Proof:
— cip-112 -14 -163
LHS™ sin m + cos - + tan P

- — X
« sinlx = tan 1( )

_ 2/13 _1[y1-(4/5)2 _1 63 V1-x2
=tan~! (1—) + tan (—) + tan™" —
J1-(12/13)2 4/5 16 cos—1x = tan-1 ( 1;x2)

2 3 63
= tan~?! (]—) + tan™?! (—) +tan~'=
5 4 16























































