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UNIT-I 

MATRICES AND DETERMINANT    

  
MATRICES:   

[History of the Matrix: The matrix has a long history of application in solving linear equations. They 

were known as arrays until the 1800‗s.  The term ―matrix‖ (Latin for ―womb‖, derived from 

mater—mother) was coined by James Joseph Sylvester in 1850, who understood a matrix as an object 

giving rise to a number of determinants today called minors, that is to say, determinants of smaller 

matrices that are derived from the original one by removing columns and rows.  An English 

mathematician named Cullis was the first to use modern bracket notation for matrices in 1913and he 

simultaneously demonstrated the first significant use of the notation A=(ai,j )to represent a matrix 

where ai,j refers to the element found in the ith row and the jth column. Matrices can be used to 

compactly write and work with multiple linear equations, referred to as a system of linear equations. ]  

  

Definition  

Matrix (whose plural is matrices) is a rectangular array of numbers (or other mathematical objects), 

arranged in rows and columns, for which operations such as addition  and multiplication  are defined. 

The numbers are called the elements, or entries, of the matrix. Generally the capital letters of the 

alphabets are used to denote matrices and the matrices are commonly written in box brackets or 

parentheses ([ ] , ( ))  

Example:  

    
If there are m rows and n columns in a matrix, it is called a ‖ m by n‖  matrix or a matrix of order  

m×n,  where m is the number of rows and n is the number of columns.. Example:  

    
A is a matrix of order 2×3 (  matrix with two rows and three columns)   

    
B is a matrix of order 3×2 (  matrix with three  rows and two columns)  

  

Types of matrices:  

1.  Row matrix: Matrix with a single row is called a row matrix   

    
A is a row matrix (1×3) with one row and 3 columns  

    
B is also a row matrix (1×n) with 1 row and n columns.  

  

2. Column matrix: Matrix with a single column is called a column matrix   

    
 is a column matrix (3×1) with 3 rows and 1 column  

https://en.wikipedia.org/wiki/Parentheses
https://en.wikipedia.org/wiki/Parentheses
https://en.wikipedia.org/wiki/Parentheses
https://en.wikipedia.org/wiki/Parentheses
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 is  column matrix(n×1) with n rows and 1  column.  

  

3. Null matrix:  a matrix is said to be a null matrix or zero matrix if all its entries are zero it is 

noted by Om×n, if it has m rows and n columns. Example:    

    
  

4. Square matrix: if the number of rows and columns of a matrix are equal the it is said to be a 

square matrix.. Example:  

    
A is a square matrix(3x3) of order 3 where number of rows and columns are each 3.  

  

5. Diagonal matrix : a square matrix of which the  non -diagonal elements are all zero is called a 

diagonal matrix. Example:  

    
A is a diagonal matrix of order n  Example:  

   is a diagonal matrix of order 3  

  

6. Scalar matrix: if the diagonal elements of a diagonal matrix are all equal it is called a scalar 

matrix. Example:  

  is a scalar matrix of order 3  

  

7. Identity matrix: if the diagonal elements of a diagonal matrix are all unity (1) , it is called a 

unit matrix.   

Example:      

  I is a unit matrix of order 3  

A unit matrix is also called identity matrix. A unit matrix of order n is denoted by In or I.  

  

  

8. Transpose of a matrix: Transpose of a  matrix is obtained just by changing its rows into columns 

and columns into rows. It is denoted by AT   OR   A
l 
 Example:  

If   T    or    
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 is (2x3) matrix whereas T  is (3x2) matrix)  

If   , then   (both are (3x3) matrices)  

  

Algebra of matrices  

a) Equality of matrices: Two matrices  and  are said to be equal if and only if   

i. The order of is equal to that of   

ii. Each element of  is equal to the corresponding element of B.  

Example:  

  = x= 1 and y= 2  

But,    

As the order of is 2×1 where as order of   is 1×2.  

  

b) Addition of matrices: The sum of two matrices A and B is the matrix such that each of its 

elements is equal to the sum of the corresponding elements of A and B. The sum is denoted by A+B 

.Thus the addition of matrices is defined if they are of same order and is not defined when they are of 

different orders.  Example:   

 If   

 is defined as the order of A and B are same (3×3)  

    

Which is also of order  (3×3)  

If       and   

Then   

Three matrices of order( 2×3) are added and the sum is a matrix of the order (2 ×3) .  

If    

Then A+B is not defined as the order of A and B are not same   

  

  

Properties:  

1. The addition of matrices is commutative   

If A and B are two matrices of same order, then A+B = B+A Proof:   

Let (aij) and (bij) be two matrices of same order  

Then,    

Example:   
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If     

Then   

 

Hence    

  

2. The matrix addition is associative   

If A,B and C are three matrices of same order, then   

Proof:  

Let    be three matrices of same order.  

Then,       

   

Example:  

                               

  

3. Zero matrix (O) is the identity matrix for addition   

   

Proof:  

Let   Then,   

Example:   

    

    

  

4. Additive inverse of a matrix   

The matrix in which each element is the negative of the corresponding element of a given matrix A, is 

called the negative of A and is denoted by ( A). The matrix –A is called the additive inverse of the 

matrix A.  

i.e  If   

and   aij aij   
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Example:   

If    

and    

i.e    

Again if . Then  is the additive inverse of  and  is the additive inverse of .  

  

c) Subtraction  

The subtraction of two matrices A and B of the same order is defined by  

                                    

Example:  

If     

   

  =   +     =   

  

d) Product of a matrix and a scalar  

The product of a scalar m and a matrix A , denoted by mA is the matrix whose elements is m times the 

corresponding elements of A . Thus if ,  

If  aij aij   

Example:  

    
Example:     

    
  

e) Matrix multiplication  

Multiplication of two matrices is defined if and only if the number of columns of the left matrix is the 

same as the number of rows of the right matrix. If is a (mxp) matrix and  is a (pxn) matrix, then 

their matrix product   is the (mxn) matrix whose entries are given by product of the corresponding 

row of  and the corresponding column of   .i,e the elements in the ith row and jth column of  is 

the sum of the products formed by multiplying each element in the ith row of by the corresponding 

element in the jth column of . i.e  

If aij   is a ( mxp) matrix  and 

bij   is a (pxn)  matrix  

Then, c ij  is a (mxn) matrix, where  cij   

  

Example:  

If      

The product,  is defined because number of column of A = number of rows of B. In this 

case the order of  is (2×3)  
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We have,  

    

Applying cij , we get,  

  

    
  

Example:  

If      

Then the product  is defined and given as  

   
  

    
  

   
  

Properties:  

1. The multiplication of matrices is Not always commutative that is  if A and B are any two matrices 

then   

  

case-1: If  are matrices of different orders such that the product  is defined, but   is not 

defined or    

Example:  

If     

Therefore   

  

case-2: If   are square matrices of same order, then the product  are both defined.  

But ,   in general  

  

Example-1:  
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But in some cases matrix multiplication is commutative i.e.   

  

Example-2  

   

Hence   

Example-  

 

  

2. The multiplication of matrix is associative  

If  are three matrices such that the products (AB)C and A(BC)are defined,   

Then    

Example: Let

Then  
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Therefore,   

  

3. Identity matrix of multiplication  

The identity matrix of multiplication for the set of all square matrices of a given order is the unit 

matrix of the same order. Example-1:   

If     then we have,  

  

 

  

Therefore,   

Example-2:  

   If  

 

i.e    

  

DETERMINANT  

To every square matrix  of order n, we can associate a number (real or complex) called determinant 

of the matrix A, written as det . In the case of a 2 × 2 matrix the determinant may be defined 

as  

If    

Notes:  

i. Only square matrices have determinants.  

ii. For a matrix    is read as determinant of and not, as modulus of   

  

Determinant is used in the solution of linear algebraic equations.  

Consider the two equations,   

  a1x + b1y +c1 =0  

 a2x + b2y +c2 =0  
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Solving this system of equations, we get   

 x=(b1c2 –b2c1)/(a1b2 –a2b1)    and  y 

=(c1a2 – c2a1)/(a1b2-a2b1)  

This solution exists, provided a1b2-a2b1≠0   

The quantity (a1b2-a2b1)determines whether a solution of the linear equation exists or not and is 

denoted by the symbol  , which is called a determinant of order 2.  

Thus   1     

The determinant is also sometimes denoted by the symbol   ∆ .                                      

Similarly, the system of equation   

 a1x +b1y+c1z+d1= 0  

 a2x+b2y+c2z+d2 = 0  

 a3x+b3y+c3z+d3 = 0  

admits a solution if, (a1b2c3 – a1b3c2 +a3b1c2 –a2b1c3+ a2b3c1 – a3b2c1)≠0 The above 

expression can be denoted by   

   , which is called a determinant of order 3  

i.e   a1b2c3 – a1b3c2 +a3b1c2 –a2b1c3+ a2b3c1 – a3b2c1  

  

Minor and cofactor  

Minor: Minor of an element  of the determinant of matrix A is the determinant obtained by deleting 

ith row and j th column, and it is denoted by .  

In a determinant    

Minor of a   

Minor of a 12   and so on.  

  

Cofactor: The cofactor of an element aij is defined as  ( 1)i+jMij where Mij  is the minor of aij .  

It is denoted by Cij  

i.e  Cij = cofactor of aij  =(-1)i+jMij  

  C11 = (-1)1+1M11 = M11  

  C12=(-1)1+2M12 = -M12  
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   C13 =(-1)1+3M13 = M13     and so on..  

  

Expansion of determinants  

 Example:  

(a) For determinants order 2   

     

(b) For higher order determinants:   

 A determinant is evaluated by expanding the determinant by the elements of any row (or any column) 

as the sum of products of the elements of the row (column)with the cofactors of the respective 

elements of the same row (column). Thus There are six ways of expanding a determinant of order 3 

corresponding to each of three rows ( ,  and ) and three columns ( , ) and each way 

gives the same value.  

  

   = a1(b2c3-b3c2) – b1(a2c3-c2a3)+c1(a2b3- b2a3)  

         =a1C11 + b1C12 + c1C13  

(where Cij is the cofactor of the element corresponding to ith row jth column) The above 

expansion has been made using the elements of the 1st row  Example:   

Let  =   =2  -3 +4   

   = 2(4+3) -3(-2-12) +4(1-8)  

         = 2(7) -3(-14) + 4(-7)  

   =14 +42 -28 =56-28 =28  

  

Properties of determinant:  

Property 1: The value of the determinant is not altered by changing the rows into columns and the 

columns into rows.  

 i.e   where   

 

Example:    

   , as  

     

     

  

Property 2: If two adjacent rows or columns of a determinant are interchanged then the sign of the 

determinant changes without changing its numerical value. Example:  

   (changing 1st and 2nd row)  

 Or  ( changing 1st and 2nd column)  
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Property 3: if two rows or two columns of a determinant are identical then the value of the 

determinant is zero.   

Property 4: If each elements of any row or any column is multiplied by the same factor then the 

determinant is multiplied by that factor  

 

 

Property 5 : If elements of a row or a column in a determinant can be expressed as the sum of two or 

more elements, then the given determinant can be expressed as the sum of two or more determinants 

of the same order. Example:  

     

 

Notes:   

I.If all the elements of a row (or column) are zeros, then the value of the determinant is zero.  

II.If value of determinant ‗∆‘ becomes zero by substituting x = α, then x – α is a factor of ‗∆‘.  

III.If all the elements of a determinant above or below the main diagonal are zeros, then the value of 

the determinant is equal to the product of diagonal elements.   

  

Adjoint of a Matrix :  

If A is a square matrix, then the transpose of the matrix  of which the elements are cofactors of the 

corresponding elements on A is called the adjoint of A and denoted by Adj A. Example:  

 If     

   where  is the cofactor corresponding to the element .  

Then cof )T            (Transpose of the cofactor matrix)  

     

Example 1:    

Let    

 Here    =1,    = 3,     = 2,    =1  

 =  

T =   
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Theorem-1  

  

Proof;-  

      

   

     

                 

                     

  

If |   is zero matrix. In this case the matrix  is said to be a singular matrix.  

i.e    

Inverse of a Matrix:  

If  are two square matrices of the same order such that    

Then  is called the multiplicative inverse of    

If  is a  non-singular matrix, then  exists and the inverse is 

given by   

         

Example1  

   

    

A is a non-singular matrix. Hence  exists. We 

know that   

     

 Here        

   ,      

    ,     
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Cramer’s Rule:-  

Cramer‘s rule is used in the solution of simultaneous linear equations  

Consider the equations in two variables          

  x + y =              x + y =

  

 Solving these two equations by using cross multiplication method we have   

     

i.e   

Where,      

   D =   

     

Therefore, x =  ,   y =   

Consider the equations in three variables  

   x + y +  z     

x + y +     x + y 

+   

    Here,   

    D=   

Now multiplying D by x, we have  

   xD =   

      =    ( + y )  

     =    =    

Or  xD  =   

Or,     

Similarly, we can show that      and    

Where,  

     =    ,       
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Therefore,   

Example 1  

Consider,    

         

Here   D=    =  1-6  =  -5 ≠ 0  

The system admits a solution  

    

    

By Cramer‘s rule,  

     

  

Example 2  

 Consider,   

         

Here   D=   

The system does not possess a solution.  

  

Example 3 Consider, 

  

         

         

Here, D=  

        

              

Similarly,   ,      

So, the system has infinite number of solution.  

  

 

Solution of simultaneous linear equations by matrix inverse method Let us 

consider two linear equations with two variables   a1x + b1y = c1   a2x + b2y 

= c2  

The above system of equations can be written as  

   AX = B              

Where   A =    and   B=   
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 Or,  X=A-1B              

   ,  

 if  Then the system admits solution.  

Similarly, for three linear equation with three variables  

   

   

  

   

       

The above system of equations can be written in matrix form as  

   ,    where   

Then,  

      

 Or,  ,     

If  Then the system admits solution  

  

Example 1  

Consider the following system of linear equations  

   3x-4y = 1  

   2x + y = 8  

The above system can be written as   

     

Where   

Or,   

Here,   

So, the system of equations admits solution.  

 Here,     

       

  =    

)T =   

So that, we have   
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Hence,  and   = 2  

  

Example 2  

 Let us consider the system of equations,    

      

     

      

The 

system of equations can be written in matrix form as   

  

Or,  

   

So,  exist and the system admits solution.  

We have,  

    

   

     

So that,  

      

   )T=    

So that, we have,   
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Hence,    

  

Some Solved Problems  

  

Q-1: Find the minors and cofactors of all the elements of the matrices  

      (ii)    

Sol:   

(i) Given   

Let  and  are the minor and cofactors of the element  , then  

  M11 = 4,  C11=(-1)1+1M11=4  

  M12= -1,  C12=(-1)1+2M12=1                 

  M21=3,   C21=(-1)2+1M21=-3  

   M22 =2, C22=(-1)2+2M22=2  

  

(ii) Given    

Let  and  are the minor and cofactors of the element .Then,  

 ,    C11=(-1)1+1M11= -10  

 ,      C12=(-1)1+2M12= -1  

 ,      C13=(-1)1+3M13= 7  

 ,       C21=(-1)2+1M21= 0  

       C22=(-1)2+2M22= 1  

       C23=(-1)2+3M23= -2  

 ,       C31=(-1)3+1M31= 5  

,    C32=(-1)3+2M32= -1 

,    C33=(-1)3+3M33= -3  

Q- 2.Solve         

Solution:  

 Given     
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Or,   2(2x+1)-3x = 5  

Or,    4x+2 -3x = 5  

 Or,    x+2 = 5     

Or,  

  

  x = 3  

Q- 3:  Verify that      [ ]T = T T  where    

Sol:   

     

             

     

Again,    

     

        

   

Hence,  []T = T T  

EXERCISE  

1. 02 Marks Questions  

I. Evaluate .  

II. Solve .  

III. Find the minor and cofactor of  the elements 4 and 0 in the determinant .  

IV. Evaluate .  

V. What is the maximum value of .  
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2. 05  Marks Questions  

I. Solve   

II. Prove that .  

III. Prove that   

IV. Prove that   

V. Prove that   
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 UNIT-II   

 TRIGONOMETRY  
 

Introduction  

The word ‗trigonometry‘ is derived from two Gree  words ‗trigonon‘ and ‗metron‘. Trigonon means 

a triangle and metron means a measure. Hence, trigonometry means measurement of triangles, i.e. 

study of triangles, measurement of their sides, angles and different relations which exist between 

triangles relates. Initially, this concept was developed to solve geometric problems involving 

triangles.  In earlier days, these ideas were used by sea captains for navigations, surveyor to map the 

lands, architects/ engineers to construct the buildings, dams, etc and others. But now a days, it‘s 

application has extended to many areas like satellite navigations, seismology, measurement of height 

of a building or mountain, in video games, construction and architecture, flight engineering, 

cartography (creating maps),in oceanography to measure height of the tides and many other areas 

also.  

  

The following three different systems of units are used in the measurement of trigonometrical angles  

Measurement of an angle:  

There are three systems of measurement of an angle.  

(i) Sexagesimal system  

(ii) Centesimal system  

(iii) Circular system  

  

(i) Sexagesimal system  

 (i)    

(ii)   

 (iii)    

  

(ii) Centesimal system  

(i)   

(ii)   

 (iii)    

  

(iii) Circular system  

The unit of measurement of angles in this system is a radian. A radian is the angle subtended at the 

centre of a circle by an arc whose length is equal to the radius of that circle  
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is a Greek letter, pronounced by ―pi‖ .Two right angles =   

    

NOTE :(i) Angle subtended  by an arc length   

            (ii) The angle subtended at the centre of a circle in radians is   

  

Trigonometric Ratios  

Let XOX‘ and YOY‘ be two axes of co-ordinates i.e. x-axis and y-axis respectively. These two axes  

intersect perpendicularly at the point ‗O‘, named as Origin.   

In x-axis, OX and OX‘ are  nown  as positive and negative 

X-axis respectively. Similarly, In y-axis, OY and OY‘ are  

nown  as positive and negative Y-axis respectively. Now, 

both the axes divide the XY-plane  into four equal parts 

called‗quadrants‘.   (i)  XOY is called 1st quadrant.  

(i) X‘OY is called 2nd 

quadrant..  

(ii) X‘OY‘ is called 3rd 

quadrant.  

(iii) XOY‘ is called 4th 

quadrant.  

  

 

1. The ratio of the perpendicular to the hypotenuse, is called ―sine of the angle ‖ and it is 

written as  .  

i.e.     

2. The ratio of the base to the hypotenuse, is called ―cosine of the angle ‖ and it is written as 

 .  

i.e.     

3. The ratio of the perpendicular to the base, is called ―tangent of the angle ‖ and it is written 

as  .  

i.e.     

4. The ratio of the hypotenuse to perpendicular, is called ―cosecant of the angle ‖ and it is 

written as  .  

 i.e.      

5. The ratio of the hypotenuse to base, is called ―secant of the angle ‖ and it is written as  

.  

i.e.  .  

6. The ratio of the base to perpendicular, is called ―cotangent of the angle ‖ and it is written as 

 .  

i.e.  .  

  

Notes :   

  

Fig. 2.1   
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i. All the above six ratios are called trigonometrical ratios (T-Ratios). ii.

 .   Or,   and  are reciprocal ratios.  

     ,    Or,   and  are reciprocal ratios.  

     ,    Or,   and  are reciprocal ratios.  

  

iii. For angle measure  we define  

   

   and  are not defined.   

 are not defined as ratios of sides. So instead of using trigonometric  

ratios, we use a more general form for them, called as trigonometric functions, in due course. For the 

same reason we do not use the term trigonometric ratio for  
     However we define  

      

  

 

Trigonometry Identity  

(i)   

(ii)   

 (iii)    

     

Note: All the above relations/identities hold good for any value of . i.e. these identities are 

independent of the angle . i.e. whatever may be the angle, the relations are true.  

Example :  ,  ,  , etc.  

  

Some Solved Problems  

  

Q.1: Prove     

Proof:   

LHS =   

  

         

  

Q-2: Prove    

Proof:  

LHS=   
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=RHS    

  

Q-3: Prove    

Proof:  

LHS=    

   

=RHS    

  

Q-4: Prove      

Proof :   

LHS =    

   

=RHS     

  

Q-5: Prove    

Proof: LHS=   

RHS   

  

Q-6: Prove    

Proof:   

LHS=    

√          
         

  √          
         

           
         

  √                

            
  √                

        



 

 

24 ENGG.MATHEMATICS-I 

  

=RHS    

  

Q-7: Prove    

Proof:  

LHS:   

  

   

=RHS   

  

Q-8: Prove that   

Proof:   

LHS=   

     

   

     

     

      

 =RHS   

  

  

Notes: ASTC-Rule  

i. In 1st quadrant, all T-ratios are . ii. In 2nd quadrant, 

sine is +ve and all others –ve  

iii. In 3rd quadrant, tangent is +ve and all others –ve. iv. In 4th 

quadrant, cosine is +ve and all others –ve.  

v. The sign of any T-Ratio in any quadrant can be  recalled by 

the words ‗all-sin-tan-cos‘ or  ‗add sugar to coffee‘ and 
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this rule is known  as ‗ASTC-Rule‘. Whatever is written in a particular  quadrant, this T-ratio 

along with its reciprocal  are positive and all other ratios are negative.   

  

Trigonometric Ratio of Selected Angles  

The values of T-ratios for some selected angles like     ,   are given below..  

Angles                  

  0  

      

1  

  1  

      

0  

  0  

  

1  

  

undefined  

  undefined  

  

1  

  

0  

  1  

    

2  undefined  

  undefined  2  

    

1  

  

Some Solved Problems  

Q-1: Find the value of    

Sol:   

Using the trigonometric values,    

    
  

Q-2: Find the value of  Sol:   

As we know that,    and       

Therefore,       

  

  

Limits of the values of T-ratios:  

1. ,  and    

e. the minimum values of both sine and cosine of angles are 1   

and maximum values of both sine and cosine of angles are 1.  

2.  and  each cannot be numerically less than unity,  

i.e.  or  and  or   

3.  and   can have any numerical value,  and .  

  

Some Solved Problems  

Q-1: Find the maximum and minimum value of  .  

         
√                  

    

√     (   √   ⁄ )   
    

√     ⁄ 
  

√   
√   
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Sol:   

Let α  and α.  

By squaring  and adding,  

 αα    

   

   

   

Now, the given expression 

 can be 

reduced to α α   

   

   
We know that the minimum and maximum values of  are -1 and 1 respectively, i.e.   

   
Therefore              

   Or,    

 Hence, the maximum and minimum values of  are 13 and ─13.    

        

Q-2: Find the maximum value of    

Sol:    

Let  and   

So,   

Now,   

                                
We know that, the maximum value of 1  

 Maximum value of   

 Maximum value of   

 Maximum value of       

  

Values of T-ratios of allied angles  

1. T-ratios of  in terms of , for all values of .  

Let OX be the initial line. Let OP be the position of the radius vector after tracing an angle  

in the anticlockwise sense which we take as positive sense.  Let   be the position of the 

radius vector after tracing ( ) in the clockwise sense, which we take as negative sense. So  

 will be taken as . Join  . Let it meet OX at M.   

 Here,        ,      

Now    

  
Similarly,  

    

Example:   

  

Fig 2.8   
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2. T-ratios of  in terms of , for all the values of  Let OPM be a right angled 

triangle with  POM = 90°,   

OMP =θ,  OPM =90°- θ   

                                          

  

Similarly,  

   
Here, the angle  and  are called complementary angles and each of the angle is called 

complement of each other.  

  

Example:   

    

   

       

  

3. T-ratios of  in terms of , for all the values of   

Let  and   . Draw PM and P'M' perpendiculars to the Xaxis.  

Now  POM  P'OM'   

 P'M' = OM and OM' = –PM   

Now    

  

Similarly,  

   
Examples:   

  

  
Fig 2.10   

  
Fig 2.9   
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Similarly, the values of T-ratios for following allied angles can also be proved.  

  

4. T-ratios of  in terms of , 

for all the values of   

Here, the angle  and  are called supplementary angles and each of the angle is 

called supplement of each other. Examples:  

   
  

5. T-ratios of  in terms of , 

for all the values of   

Examples:  

   
  

6. T-ratios of  in terms of , for all the values of   
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Examples:   

   

   

    
7. T-ratios of  in terms of , 

for all the values of   

   
Examples:  

   

    
8. T-ratios of  in terms of , 

for all the values of   

Note: T-ratios of  and those of  are the same. Examples:  

    

    
9. T-ratios of  in terms of , 
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for all the values of   

  

Note:   

1. T-ratios of  or   and those of  are same.  

2. T-ratios of , where  also will be the same as that of .   

3. In general,   

            

                    

4. Similarly,    

                   

                ,     where n is any odd integer  

  

Some Solved Problems  

Q-1 : State  is positive or negative.  

Sol:   

        lies in 1st quadrant, and by ASTC rule, all T-ratios are 

positive in 1st quadrant.  So,   is positive sign.  

  

Q-2 : Find the value of  .  

Sol:   

       

                      
  

Q-3:  Express   as the trigonometric ratio of some acute angle.  

Sol:   

      

                      

 
Q-4 : Find the value of    

Sol:  

        

[

 

   ]    

  

Q-5: Show that  .  

Proof:   

LHS=     
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Even Function  

A function  is said to be an even function of , if .  

Examples:   

1. Let , then    

 .   

Hence,  is an even function.  

2. Let ,   

then    

 .   

Hence,  is an even function.  

3. Let ,   

then    

                                                         

 .   

Hence,  is an even function.  

4. Let    

Then,      θ θ   

So,  is an even function  

   

Odd Function  

A function  is said to be an odd function of , if  .    

Example:   

1. Let , then   

So,  is an odd function.  

2. Let , then   

So,  is an odd function.  

3. Let ,    

Then,   

                     

Hence,  is an odd function.  

4. But,   

Then,   

Here,  expressed neither as  nor as .  

Hence,  is neither an odd function nor an even function.   

  

Theorem-1: (Addition Theorems)  

  

(ii) 

Theorem-2   

   
The above theorems can be proved, by replacing B with B in theorem-1.  
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Theorem-3  

 , for   

  

Theorem-4  

(i)   

(ii)   
Some Solved Problems Q.1: 

Find the value of  .  

Sol:   

          

             

                                               
  

Q-2: Find the value of .  

Sol:   

              [Use ]  

  

Q-  and , find the value of .  

Sol:   

 

 We know that,  .       

  

Q-4: Prove that     

Proof:   

 
   

LHS (Dividing throughout by cos  )  

                              

                                 RHS      

  

Q-5: Prove that    

 

Transformation of a Product 

into a Sum or Difference, and Vice-versa  

 (i)    

 (ii)    

(iii)  

(iv)     
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Some Solved Problems  

Q-1 : Prove that   

Proof:   

L.H.S      

  
  RHS    

  

Q-2: Prove         

Proof:   

LHS          

   
  RHS     

  

Q-3: Prove that    

Proof:   

LHS.   

   

 RHS      

  

Q-   

Proof:   

Given   
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Q-5: If  Prove that   

Proof:   

L.H.S.   

   

     
  [, ]  

   

      
   

 RHS   

  

Compound, Multiple and Sub Multiple Angles  

Multiple and Sub Multiple Arguments : For an argument (variable)  usually etc.  

are called its multiples and ,  etc. are called its sub multiples. For arguments 

 are called the compound arguments.  

  

Theorem-1  

  
           

  

Theorem-2  

(i)   

(ii)     

 
Proof:  

(i)    

                          

                          

                          

                                 

(ii)   
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Note : Replace   by  , in Theorem-1, the followings can be proved.  

  

  
Note : Replace   by  , in Theorem-1, the followings can be derived.  

  

  
  

Some Solved Problems  

Q-1: Prove that   

Proof:  

 LHS:    

 RHS        

  

Q-2: Prove that   

Proof:   

 

R.H.S LHS   

 

  

Q- 3: Prove that    

Proof:   

L.H.S   

                                          

                                            

  

Q- 4: Find the value of     

Sol:   
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Q- 5: Prove that   

Proof:   

LHS            

                    

                    

                    

                    

                    

                    

                 RHS   

  

Q- 6: Prove that      

Proof:   

LHS                 

                           

                         

                       
                      RHS   

  

     

  

INVERSE TRIGONOMETRIC FUNCTIONS  

Before starting about inverse trigonometric function let‘s briefly discuss about what is inverse of any 

function. Corresponding to every Bijection (one-one and onto),  there exists another 

bijection. It means if we interchange the domain and range of and let the new fuction denoted by  

which will be given by  defined by  if and only if . So  is called 

as the inverse of  denoted by .  

  

  

  
                                                                    Fig 2.12                                 Fig 2.13  

  

A function  is invertible it means exists if it is one-one and onto. Consider the case of 

trigonometric functions. In case of sine function: . But  where 

. Thus sine function is not bijective in the domain R.  
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Properties of Inverse Trigonometric Functions 1. Self 

adjusting property:  

  (i)    

 (ii)    

 (iii)    

Proof: (i) Let .  

     (Proved)  

Similarly, proofs of (ii) & (iii) can be completed..  

  

2. Reciprocal Property:  

i.   ii. 

  iii. 

   
Proof :   

(i) Let  ,     

Then,    

Hence,  ,   

Therefore,   

(Proved)  

Similarly  (ii) and (iii) can be proved.  

  

3. Conversion property:  

  

  
Proof:   

(i) Let    

Now   

i.e.        

Or,   

Thus, (Proved)  

Similalr (ii) and (iii) can also be proved.  

  

4. Theorem – 1:   

(i)   

(ii)   

(iii)    

Proof:   

(i) Let ,   

 

  (Proved) Similarly 

(ii) and (iii) can also be proved.  
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5. Theorem – 2: If  then   

Proof:   

Let  then  

  

Now,   

(Proved)  

  

6. Theorem – 3:   

Proof:   

Let   
then  Now, 

  

(Proved)  

  

7. Theorem – 4:   

  

Proof :   

(i)  then   

  
(Proved)  

(ii). Let   

  

  

  

 (Proved) 

8. Theorem-5:  
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Proof:   

(i) Let ,   

We know that,  

       

       
Similarly, (ii) and (iii) can also be proved.  

  

 9.  Theorem-6:   

  
Proof:  

(i) Let  and   

Then,   

  

                      

                      

    
  

Similarly, others can also be proved.  

  

10. Theorem – 7  

 (i)    

    (ii) 

(iii)   

Proof:   

(i) Let ,        (1)  

Since,   ,   

                              (2)  

From eqn. (1) and (2),   (Proved)  

(ii) Let ,        (3)  

Since,   ,   

                           (4)  

From eqn. (3) and (4),     

(iii) Let ,         (5)  
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Since,   ,   

                               (6)  

From eqn. (5) and (6),     

  

Some Solved Problems:  

Q– 1: Find the value of   

Sol:   

  

Q-2: Prove that      

Proof:   

LHS   

  

 RHS     

  

Q-3: Prove that   

Proof:   

LHS     

  

 RHS      

  

Q-4: Prove that   

Proof:  

We know that   

RHS    

  

Q-5: Show that    

Proof:   

LHS   

  




































